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the shape of the support of the average density of eigenvalues
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, with           an admissible analytic function of its argument,
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N ! 1, is either a disk or an annulus, centered at the origin.
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="9VWTlHcX5toRkzka8TWQaXyIeiM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL55CBPOQZAmzk9lkyOzsMtMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbmt564NiJWDzhOuB/RgRKhYBSt9Fjrooi4IbVeseSW3TnIKvEyUoIM9V7xq9uPWRpxhUxSYzqem6A/oRoFk3xa6KaGJ5SN6IB3LFXUrvEn84On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG89idCJSlyxRaLwlQSjMnse9IXmjOUY0so08LeStiQasrQZlSwIXjLL6+S5kXZuyxX7iul6k0WRx5O4BTOwYMrqMId1KEBDCJ4hld4c7Tz4rw7H4vWnJPNHMMfOJ8/TIOQFw==</latexit>

N ⇥Nof the complex matrix
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A b s t r a c t  

We apply the recently introduced method of hermitization to study in the large N limit non- 
hermitian random matrices that are drawn from a large class of circularly symmetric non-gaussian 
probability distributions, thus extending the recent gaussian non-hermitian literature. We develop 
the general formalism for calculating the Green function and averaged density of eigenvalues, 
which may be thought of as the non-hermitian analog of the method due to Brbzin, ltzykson, 
Parisi and Zuber for analyzing hermitian non-gaussian random matrices. We obtain an explicit 
algebraic equation for the integrated density of eigenvalues. A somewhat surprising result of that 
equation is that the shape of the eigenvalue distribution in the complex plane is either a disk or an 
annulus. As a concrete example, we analyze the quartic ensemble and study the phase transition 
from a disk shaped eigenvalue distribution to an annular distribution. Finally, we apply the method 
of hermitization to develop the addition formalism for free non-hermitian random variables. We 
use this formalism to state and prove a non-abelian non-hermitian version of the central limit 
theorem. @ 1997 Elsevier Science B.V. 

PACS: 11.10.Lm; 11.15.Pg; 11.10.Kk; 71.27.+a 

1. I n t r o d u c t i o n  

There has been considerable  interest in random non-hermi t ian  matrices recently. Possi- 
ble appl icat ions range over several areas of  physics  [ 1,2]. One  difficulty is that the eigen-  
values of  non-hermi t i an  matrices invade the complex plane, and consequently,  various 

i E-mail: joshua@itp.ucsb.edu 
2 E-mail: zee @itp.ucsb.edu 

0550-3213/97/$17.00 (~) 1997 Elsevier Science B.V. All rights reserved. 
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by summing exactly all double-line (’t Hooftian) planar Feynman diagrams  



sketch of the proof:

radial counting function (integrated radial density of eigenvalues)

<latexit sha1_base64="1n/XasM0/ah3qbTZ+buAp5tfy2Y=">AAACFHicbVA9SwNBEN3zM8avqKXNYpAkCOFOgtoIQRvLCOYDcjHsbTbJkt29Y3dOCCE/wsa/YmOhiK2Fnf/GTXKFJj4YeLw3w8y8IBLcgOt+O0vLK6tr66mN9ObW9s5uZm+/ZsJYU1aloQh1IyCGCa5YFTgI1og0IzIQrB4Mrid+/YFpw0N1B8OItSTpKd7llICV2pkTv0ekJDivC/gS+1yBL7jkYNruvca+7od5nStgnevoXDuTdYvuFHiReAnJogSVdubL74Q0lkwBFcSYpudG0BoRDZwKNk77sWERoQPSY01LFZHMtEbTp8b42Cod3A21LQV4qv6eGBFpzFAGtlMS6Jt5byL+5zVj6F60RlxFMTBFZ4u6scAQ4klCuMM1oyCGlhCqub0V0z7RhILNMW1D8OZfXiS106J3VizdlrLlqySOFDpERyiPPHSOyugGVVAVUfSIntErenOenBfn3fmYtS45ycwB+gPn8wdPJ5x6</latexit>

�(r) =

rZ

0

⇢(r0)r0dr0

<latexit sha1_base64="sdtbkspKVuXH3L7OPcdyACVkMhM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAdsljA7mU2GzGOZ6RVCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8ctqzNDWZNqoU0nJpYJrlgTOAjWSQ0jMhasHY/uZn77iRnLtXqEccoiSQaKJ5wScFLYHRApCa6YC9wrlf2qPwdeJUFOyihHo1f66vY1zSRTQAWxNgz8FKIJMcCpYNNiN7MsJXREBix0VBHJbDSZnzzF507p40QbVwrwXP09MSHS2rGMXackMLTL3kz8zwszSG6iCVdpBkzRxaIkExg0nv2P+9wwCmLsCKGGu1sxHRJDKLiUii6EYPnlVdK6rAZX1dpDrVy/zeMooFN0hiooQNeoju5RAzURRRo9o1f05oH34r17H4vWNS+fOUF/4H3+ANkdkFM=</latexit>

�(r) is monotonically increasing from
<latexit sha1_base64="BFkg1xnmykq1/OxIbGpG4lfqluw=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AI9VJ2pagXoejFYwX7Ae1SZtNsG5pklyQr1NJf4sWDIl79Kd78N6btHrT1wcDjvRlm5oUJZ9p43reTW1vf2NzKbxd2dvf2i+7BYVPHqSK0QWIeq3YImnImacMww2k7URREyGkrHN3O/NYjVZrF8sGMExoIGEgWMQLGSj232B2AEIDL3hm+xh7uuSWv4s2BV4mfkRLKUO+5X91+TFJBpSEctO74XmKCCSjDCKfTQjfVNAEyggHtWCpBUB1M5odP8alV+jiKlS1p8Fz9PTEBofVYhLZTgBnqZW8m/ud1UhNdBRMmk9RQSRaLopRjE+NZCrjPFCWGjy0Bopi9FZMhKCDGZlWwIfjLL6+S5nnFv6hU76ul2k0WRx4doxNURj66RDV0h+qogQhK0TN6RW/Ok/PivDsfi9ack80coT9wPn8AlCuRFw==</latexit>

�(0) = 0 to
<latexit sha1_base64="AHimY5jel/lUvJdSoUGnw5nRRHg=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhXsKuBPUiBL14jGAekA1hdjKbDJmZXWZ6hRiCv+LFgyJe/Q9v/o2TZA+aWNBQVHXT3RUmghvwvG9naXlldW09t5Hf3Nre2XX39usmTjVlNRqLWDdDYpjgitWAg2DNRDMiQ8Ea4eBm4jcemDY8VvcwTFhbkp7iEacErNRxD4MekZLgYsBVBMNTfIV93HELXsmbAi8SPyMFlKHacb+CbkxTyRRQQYxp+V4C7RHRwKlg43yQGpYQOiA91rJUEclMezS9foxPrNLFUaxtKcBT9ffEiEhjhjK0nZJA38x7E/E/r5VCdNkecZWkwBSdLYpSgSHGkyhwl2tGQQwtIVRzeyumfaIJBRtY3obgz7+8SOpnJf+8VL4rFyrXWRw5dISOURH56AJV0C2qohqi6BE9o1f05jw5L8678zFrXXKymQP0B87nD/s0k6A=</latexit>

�(1) = 1

In NPB501(1997)643, it was proved that
<latexit sha1_base64="jXRoF/B50/L1l7IpGMAWPg++Q1Q=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LgnisYD+gXUo2zbahSXZJskpZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cbz249UaRbJBzOJqS/wULKQEWwy6bbydNYvld2qOwNaJl5OypCj0S999QYRSQSVhnCsdddzY+OnWBlGOJ0We4mmMSZjPKRdSyUWVPvp7NYpOrXKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsIrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8RRtCN7iy8ukdV71Lqq1+1q5fp3HUYBjOIEKeHAJdbiDBjSBwAie4RXeHOG8OO/Ox7x1xclnjuAPnM8fPOiNuQ==</latexit>

F (w)
<latexit sha1_base64="sdtbkspKVuXH3L7OPcdyACVkMhM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAdsljA7mU2GzGOZ6RVCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8ctqzNDWZNqoU0nJpYJrlgTOAjWSQ0jMhasHY/uZn77iRnLtXqEccoiSQaKJ5wScFLYHRApCa6YC9wrlf2qPwdeJUFOyihHo1f66vY1zSRTQAWxNgz8FKIJMcCpYNNiN7MsJXREBix0VBHJbDSZnzzF507p40QbVwrwXP09MSHS2rGMXackMLTL3kz8zwszSG6iCVdpBkzRxaIkExg0nv2P+9wwCmLsCKGGu1sxHRJDKLiUii6EYPnlVdK6rAZX1dpDrVy/zeMooFN0hiooQNeoju5RAzURRRo9o1f05oH34r17H4vWNS+fOUF/4H3+ANkdkFM=</latexit>

�(r)and are related functionally by the equation

<latexit sha1_base64="C6nLSwPr74xHW8GBCtv1cN1jpuo="></latexit>

�


r2F

✓
�r2

� � 1

◆
� � + 1

�
= 0

<latexit sha1_base64="cb1Mp9lIqXvOao/xnGd9xzq3dXM="></latexit>

F (w) = h 1
N

tr
1

w � �†�
ithe Green’s function (the Cauchy transform of the averaged spectral density of) the positive

hermitian random matrix
<latexit sha1_base64="SGZimMAJ98FZQH6hq3mdgqVLraQ=">AAAB+XicbZDNSsNAFIVv6l+tf1GXbgaL4KokUtRl0Y3LCrYWmlgmk0k7dDIJM5NCCX0TNy4UceubuPNtnLRZaOuBgY9z7+XeOUHKmdKO821V1tY3Nreq27Wd3b39A/vwqKuSTBLaIQlPZC/AinImaEczzWkvlRTHAaePwfi2qD9OqFQsEQ96mlI/xkPBIkawNtbAtr10xJ68EA+HVBY8sOtOw5kLrYJbQh1KtQf2lxcmJIup0IRjpfquk2o/x1Izwums5mWKppiM8ZD2DQocU+Xn88tn6Mw4IYoSaZ7QaO7+nshxrNQ0DkxnjPVILdcK879aP9PRtZ8zkWaaCrJYFGUc6QQVMaCQSUo0nxrARDJzKyIjLDHRJqyaCcFd/vIqdC8a7mWjed+st27KOKpwAqdwDi5cQQvuoA0dIDCBZ3iFNyu3Xqx362PRWrHKmWP4I+vzB6uzk7I=</latexit>

�†� can be computed in the large-N limit by using standard methods of hermitian RMT (e.g., Dyson gas techniques).  

asymptotic behavior (normalization to unity of the density of eigenvalues of        )
<latexit sha1_base64="SGZimMAJ98FZQH6hq3mdgqVLraQ=">AAAB+XicbZDNSsNAFIVv6l+tf1GXbgaL4KokUtRl0Y3LCrYWmlgmk0k7dDIJM5NCCX0TNy4UceubuPNtnLRZaOuBgY9z7+XeOUHKmdKO821V1tY3Nreq27Wd3b39A/vwqKuSTBLaIQlPZC/AinImaEczzWkvlRTHAaePwfi2qD9OqFQsEQ96mlI/xkPBIkawNtbAtr10xJ68EA+HVBY8sOtOw5kLrYJbQh1KtQf2lxcmJIup0IRjpfquk2o/x1Izwums5mWKppiM8ZD2DQocU+Xn88tn6Mw4IYoSaZ7QaO7+nshxrNQ0DkxnjPVILdcK879aP9PRtZ8zkWaaCrJYFGUc6QQVMaCQSUo0nxrARDJzKyIjLDHRJqyaCcFd/vIqdC8a7mWjed+st27KOKpwAqdwDi5cQQvuoA0dIDCBZ3iFNyu3Xqx362PRWrHKmWP4I+vzB6uzk7I=</latexit>

�†�
<latexit sha1_base64="hhusZq7kpaHeH1SQvc+3d0gIpjA=">AAACJXicbVBNS8NAEN34bf2KevSyWgS9lESKevBQFMSjgm2FpoTNdtMubjZhd2IJIX/Gi3/FiwdFBE/+Fbc1B1t9w8DjvRl25wWJ4Boc59OamZ2bX1hcWq6srK6tb9ibWy0dp4qyJo1FrO4CopngkjWBg2B3iWIkCgRrB/cXI7/9wJTmsbyFLGHdiPQlDzklYCTfPrs8GB56mkfe7mT5uZ8PPcX7AyBKxUOPyxCyosBeqAjN3SIfFr5ddWrOGPgvcUtSRSWuffvN68U0jZgEKojWHddJoJsTBZwKVlS8VLOE0HvSZx1DJYmY7ubjKwu8b5QeDmNlWgIeq783chJpnUWBmYwIDPS0NxL/8zophKfdnMskBSbpz0NhKjDEeBQZ7nHFKIjMEEIVN3/FdEBMCmCCrZgQ3OmT/5LWUc09rtVv6tXGeRnHEtpBe+gAuegENdAVukZNRNEjekav6M16sl6sd+vjZ3TGKne20QSsr29GvaSn</latexit>

F (w) ⇠w!1

1

w

from which the SRT follows, without explicit solution of the latter equation, simply by seeking constant (r-independent) solutions for   
<latexit sha1_base64="sdtbkspKVuXH3L7OPcdyACVkMhM=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmAdsljA7mU2GzGOZ6RVCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8ctqzNDWZNqoU0nJpYJrlgTOAjWSQ0jMhasHY/uZn77iRnLtXqEccoiSQaKJ5wScFLYHRApCa6YC9wrlf2qPwdeJUFOyihHo1f66vY1zSRTQAWxNgz8FKIJMcCpYNNiN7MsJXREBix0VBHJbDSZnzzF507p40QbVwrwXP09MSHS2rGMXackMLTL3kz8zwszSG6iCVdpBkzRxaIkExg0nv2P+9wwCmLsCKGGu1sxHRJDKLiUii6EYPnlVdK6rAZX1dpDrVy/zeMooFN0hiooQNeoju5RAzURRRo9o1f05oH34r17H4vWNS+fOUF/4H3+ANkdkFM=</latexit>

�(r)

and using the asymptotic behavior
<latexit sha1_base64="hhusZq7kpaHeH1SQvc+3d0gIpjA=">AAACJXicbVBNS8NAEN34bf2KevSyWgS9lESKevBQFMSjgm2FpoTNdtMubjZhd2IJIX/Gi3/FiwdFBE/+Fbc1B1t9w8DjvRl25wWJ4Boc59OamZ2bX1hcWq6srK6tb9ibWy0dp4qyJo1FrO4CopngkjWBg2B3iWIkCgRrB/cXI7/9wJTmsbyFLGHdiPQlDzklYCTfPrs8GB56mkfe7mT5uZ8PPcX7AyBKxUOPyxCyosBeqAjN3SIfFr5ddWrOGPgvcUtSRSWuffvN68U0jZgEKojWHddJoJsTBZwKVlS8VLOE0HvSZx1DJYmY7ubjKwu8b5QeDmNlWgIeq783chJpnUWBmYwIDPS0NxL/8zophKfdnMskBSbpz0NhKjDEeBQZ7nHFKIjMEEIVN3/FdEBMCmCCrZgQ3OmT/5LWUc09rtVv6tXGeRnHEtpBe+gAuegENdAVukZNRNEjekav6M16sl6sd+vjZ3TGKne20QSsr29GvaSn</latexit>

F (w) ⇠w!1

1

w

and is constant on segments on which 
<latexit sha1_base64="GQgmlx3j+fx8h/goXzRjpI5DHSo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUC9C0IvHCOYhyRJmJ7PJkHksM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNb6d+84lqw5R8sKOEhgL3JYsZwdZJjx09UCV9du13C0W/7M+AlkmQkSJkqHULX52eIqmg0hKOjWkHfmLDMdaWEU4n+U5qaILJEPdp21GJBTXheHbwBJ06pYdipV1Ji2bq74kxFsaMROQ6BbYDs+hNxf+8dmrjq3DMZJJaKsl8UZxyZBWafo96TFNi+cgRTDRztyIywBoT6zLKuxCCxZeXSeO8HFyUK/eVYvUmiyMHx3ACJQjgEqpwBzWoAwEBz/AKb572Xrx372PeuuJlM0fwB97nD7Lcj7I=</latexit>

⇢(r) = 0



later additional analytical results and numerical demonstration in 

‘‘Single ring theorem’’ and the disk-annulus phase
transition
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Recently, an analytic method was developed to study in the large N limit non-
Hermitian random matrices that are drawn from a large class of circularly symmet-
ric non-Gaussian probability distributions, thus extending the existing Gaussian
non-Hermitian literature. One obtains an explicit algebraic equation for the inte-
grated density of eigenvalues from which the Green’s function and averaged den-
sity of eigenvalues could be calculated in a simple manner. Thus, that formalism
may be thought of as the non-Hermitian analog of the method due to Brézin,
Itzykson, Parisi, and Zuber for analyzing Hermitian non-Gaussian random matrices.
A somewhat surprising result is the so called ‘‘single ring’’ theorem, namely, that
the domain of the eigenvalue distribution in the complex plane is either a disk or an
annulus. In this article we extend previous results and provide simple new explicit
expressions for the radii of the eigenvalue distribution and for the value of the
eigenvalue density at the edges of the eigenvalue distribution of the non-Hermitian
matrix in terms of moments of the eigenvalue distribution of the associated Her-
mitian matrix. We then present several numerical verifications of the previously
obtained analytic results for the quartic ensemble and its phase transition from a
disk shaped eigenvalue distribution to an annular distribution. Finally, we demon-
strate numerically the ‘‘single ring’’ theorem for the sextic potential, namely, the
potential of lowest degree for which the ‘‘single ring’’ theorem has nontrivial con-
sequences. © 2001 American Institute of Physics. #DOI: 10.1063/1.1412599$

I. INTRODUCTION

There has been considerable interest in random non-Hermitian matrices in recent years. Pos-
sible applications range over several areas of physics.1–4 For some recent reviews see Ref. 5. One
difficulty is that the eigenvalues of non-Hermitian matrices invade the complex plane, and, con-
sequently, various methods developed over the years to deal with random Hermitian matrices are
no longer applicable, as these methods typically all involve exploiting the powerful constraints of
analytic function theory. !See in particular the paper by Brézin, Itzykson, Parisi, and Zuber.6" In
Ref. 3, two of us proposed a ‘‘method of Hermitization,’’ whereby a problem involving random
non-Hermitian matrices can be reduced to a problem involving random Hermitian matrices, to
which various standard methods !such as the diagrammatic method,7 or the ‘‘renormalization
group’’ method8–11" can be applied. An idea similar to the ‘‘method of Hermitization’’ was ex-
pressed independently in Ref. 2.

a"Electronic mail: joshua@physics.technion.ac.il Permanent address at University of Haifa.
b"Electronic mail: rst@solid.ucdavis.edu
c"Electronic mail: zee@itp.ucsb.edu
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Non-Hermitian random matrix theory: summation of
planar diagrams, the ‘single-ring’ theorem and the
disc–annulus phase transition

Joshua Feinberg
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Abstract
I review aspects of work done in collaboration with A Zee and R Scalettar (1997
Nucl. Phys. B 504 579; 1997 Nucl. Phys. B 501 643; 2001 J. Math. Phys. 42
5718) on complex non-Hermitian random matrices. I open by explaining why
the bag of tools used regularly in analysing Hermitian random matrices cannot
be applied directly to analyse non-Hermitian matrices, and then introduce the
method of Hermitization, which solves this problem. Then, for rotationally
invariant ensembles, I derive a master equation for the average density of
eigenvalues in the complex plane, in the limit of infinitely large matrices. This is
achieved by resumming all the planar diagrams which appear in the perturbative
expansion of the Hermitized Green function. Remarkably, this resummation
can be carried out explicitly for any rotationally invariant ensemble. I prove that
in the limit of infinitely large matrices, the shape of the eigenvalue distribution is
either a disc or an annulus. This is the celebrated ‘single-ring’ theorem. Which
of these shapes is realized is determined by the parameters (coupling constants)
which determine the ensemble. By varying these parameters a phase transition
may occur between the two possible shapes. I briefly discuss the universal
features of this transition. As the analysis of this problem relies heavily on
summation of planar Feynman diagrams, I make a special effort at presenting a
pedagogical exposition of the diagrammatic method, which some readers may
find useful.

PACS numbers: 02.50.Cw, 11.10.Kk, 11.15.Pg, 71.20.−b, 71.23.An
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Qualitative argument in favor of the Single Ring Theorem (SRT)

Singular Value Decomposition (SVD):
<latexit sha1_base64="+lZhvF4seFGj0AkKY05nMtahWPM=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoUEoiRd0IRTcuRCqYtNCEMplM26GTSZyZCCX0B9z4K25cKOLWvTv/xuljoa0HBg7n3MOde4KEUaks69vILSwuLa/kVwtr6xubW+b2jivjVGDi4JjFohkgSRjlxFFUMdJMBEFRwEgj6F+O/MYDEZLG/E4NEuJHqMtph2KktNQ2D7ykR+E5dLxrHQoRdMvQu09RCJ2y61EOndLNUdssWhVrDDhP7CkpginqbfPLC2OcRoQrzJCULdtKlJ8hoShmZFjwUkkShPuoS1qachQR6Wfja4bwUCsh7MRCP67gWP2dyFAk5SAK9GSEVE/OeiPxP6+Vqs6Zn1GepIpwPFnUSRlUMRxVA0MqCFZsoAnCguq/QtxDAmGlCyzoEuzZk+eJe1yxTyrV22qxdjGtIw/2wD4oARucghq4AnXgAAwewTN4BW/Gk/FivBsfk9GcMc3sgj8wPn8AUIuZLw==</latexit>

� = U⇤V, U, V 2 U(N)

<latexit sha1_base64="VL5nsmwpp/THRVz+JfufTt0rttU="></latexit>

⇤ = diag(�1,�2, . . . ,�N ) , �i � 0singular values:

<latexit sha1_base64="+4yuVqWWs4zml7c5kmHdPzKqxxw="></latexit>

�†� = V †⇤2V , ��† = U⇤2U † isospectral, positive

comments:

<latexit sha1_base64="JAAZuCKxQ+YGyRp+MGwNe9qjU5c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+f4FaZJeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoJpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmpdV76pae6hV6rd5HEU4gVM4Bw+uoQ730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/cEuNzA==</latexit>

U, V not unique, determined up to a `gauge transformation’
<latexit sha1_base64="q3iwkJQZlKW5hbEYooYL/QN21mA="></latexit>

V ⇠ ⇥V , U ⇠ U⇥† , ⇥ 2 U(1)N

<latexit sha1_base64="Ch/18B5CiUYn5xBrpxb5U921wms=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GPQiyeJaB6QrGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyG11O/+YRK81g+mFGCfkT7koecUWOl+/LjbbdQdEvuDGSZeBkpQoZat/DV6cUsjVAaJqjWbc9NjD+mynAmcJLvpBoTyoa0j21LJY1Q++PZqRNyapUeCWNlSxoyU39PjGmk9SgKbGdEzUAvelPxP6+dmvDSH3OZpAYlmy8KU0FMTKZ/kx5XyIwYWUKZ4vZWwgZUUWZsOnkbgrf48jJplEveealyVylWr7I4cnAMJ3AGHlxAFW6gBnVg0IdneIU3RzgvzrvzMW9dcbKZI/gD5/MHzlqNfw==</latexit>

2N
<latexit sha1_base64="czBxziAoqChpX+oAJwD/LQCrNYs=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS1DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfUuq7WHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8Ok49m</latexit>

⇤
<latexit sha1_base64="lTOXQt135vek3z08U2QfZukxb+A=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM8ZMNqza27OdAq8QpSgwKtYfVrEMYkFVQawrHWfc9NjJ9hZRjhdFYZpJommEzwiPYtlVhQ7Wf5wjN0ZpUQRbGyTxqUq78nMiy0norAJgU2Y73szcX/vH5qoms/YzJJDZVk8VGUcmRiNL8ehUxRYvjUEkwUs7siMsYKE2M7qtgSvOWTV0nnou5d1hv3jVrzpqijDCdwCufgwRU04Q5a0AYCAp7hFd4c5bw4787HIlpyiplj+APn8we+nZBi</latexit>

�ithe -fold sign ambiguity in is fixed by absorbing the signs of individual into
<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U or
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V

parameter counting: 
<latexit sha1_base64="Y7WwZUxAgqnK0QQTgpWH+RuAXM4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXiSCvYD2rVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJjeZ33miSrNIPphpTH2BR5KFjGCTSbW7x9qgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdq3qXVTr9/VK4zqPowgncArn4MElNOAWmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/P+eNuw==</latexit>

2N2 real parameters in     =    
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="3oi7hRfgNSZfGVO3wg6oKOm9xjY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGWmFHVZdONKKtiHtGPJpJk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nog4XDOvdx7TxBzpo3rfju5ldW19Y38ZmFre2d3r7h/0NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYTVZpF8t6MY+oLPJAsZAQbKz3cPlbQGbJ/r1hyy+4MaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7OFJ+jEKn0URso+adBM/d2RYqH1WAS2UmAz1IveVPzP6yQmvPRTJuPEUEnmg8KEIxOh6fWozxQlho8twUQxuysiQ6wwMTajgg3BWzx5mTQrZe+8XL2rlmpXWRx5OIJjOAUPLqAGN1CHBhAQ8Ayv8OYo58V5dz7mpTkn6zmEP3A+fwCmy48E</latexit>

N2 +N2 real parameters in      
<latexit sha1_base64="zd72rPm7tCf24ZhIQuLNe0FXBN0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbFU0mkqMeiF48VTFtoS9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMfRZLGLVDqhGwSX6hhuB7UQhjQKBrWB8N/NbT6g0j+WjmSTYi+hQ8pAzaqzk+91z0uyXK27VnYOsEi8nFcjR6Je/uoOYpRFKwwTVuuO5iellVBnOBE5L3VRjQtmYDrFjqaQR6l42P3ZKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//M6qQlvehmXSWpQssWiMBXExGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOyIXjLL6+S5mXVu6rWHmqV+m0eRxFO4BQuwINrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPwomOAg==</latexit>

U&V
<latexit sha1_base64="G/07aBhSqvaUrrzra/hP/2yha3Y=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevEkUcwDkhBmJ7PJkNnZZaZXCEv+wIsHRbz6R978GyfJHjSxoKGo6qa7y4+lMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5up33zi2ohIPeI45t2QDpQIBKNopYezu16x5JbdGcgy8TJSggy1XvGr049YEnKFTFJj2p4bYzelGgWTfFLoJIbHlI3ogLctVTTkppvOLp2QE6v0SRBpWwrJTP09kdLQmHHo286Q4tAselPxP6+dYHDVTYWKE+SKzRcFiSQYkenbpC80ZyjHllCmhb2VsCHVlKENp2BD8BZfXiaN87J3Ua7cV0rV6yyOPBzBMZyCB5dQhVuoQR0YBPAMr/DmjJwX5935mLfmnGzmEP7A+fwBD8mNEA==</latexit>

+N real parameters in      
<latexit sha1_base64="6l8TUPXg1Ppyxunj4kI3FxTgDFI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiSKOYBSQizk9lkyOzsMtMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90c3Ubz5xbUSkHnEc825IB0oEglG00sPZXa9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nl07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjqpkLFCXLF5ouCRBKMyPRt0heaM5RjSyjTwt5K2JBqytCGU7AheIsvL5PGedm7KFfuK6XqdRZHHo7gGE7Bg0uowi3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4AEtONEg==</latexit>�N

<latexit sha1_base64="czBxziAoqChpX+oAJwD/LQCrNYs=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS1DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfUuq7WHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8Ok49m</latexit>

⇤ gauged away real parameters (phases) in      
<latexit sha1_base64="CmKbTLyhRRuQUXMvb/os5kytrS8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V2lpoQ9lsN+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNirVjLeYkkp3Amq4FDFvoUDJO4nmNAokfwjGtzP/4YlrI1TcxEnC/YgOYxEKRtFK7V5zxJH2yxW36s5BVomXkwrkaPTLX72BYmnEY2SSGtP13AT9jGoUTPJpqZcanlA2pkPetTSmETd+Nr92Ss6sMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtC+q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAEtYPAIz/AKb45yXpx352PRWnDymWP4A+fzB3XljxE=</latexit>

⇥



from the SVD obtain
<latexit sha1_base64="URPBO1e4iIlH36zYQYs+qKdFdWk=">AAACEnicbVC7SgNBFJ31GeMramkzGIQEQtiVoDaBoI2FRQQ3G8jGcHd2kgyZfTgzK4SQb7DxV2wsFLG1svNvnCRbaOKBgcM593DnHi/mTCrT/DaWlldW19YzG9nNre2d3dzefkNGiSDUJhGPRNMDSTkLqa2Y4rQZCwqBx6njDS4nvvNAhWRReKuGMW0H0AtZlxFQWurkim7cZ7iK7YJ7rVM+YKdo37k+9HpUuKWSe5+Aj51qw+7k8mbZnAIvEisleZSi3sl9uX5EkoCGinCQsmWZsWqPQChGOB1n3UTSGMgAerSlaQgBle3R9KQxPtaKj7uR0C9UeKr+TowgkHIYeHoyANWX895E/M9rJap73h6xME4UDclsUTfhWEV40g/2maBE8aEmQATTf8WkDwKI0i1mdQnW/MmLpHFStk7LlZtKvnaR1pFBh+gIFZCFzlANXaE6shFBj+gZvaI348l4Md6Nj9nokpFmDtAfGJ8/0sCbtQ==</latexit>

� = U(⇤W )U† , W = V U

hold          
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W fixed as 
<latexit sha1_base64="jGnO3r1acxhB5ey6K8sAzv9JIt4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6zWmrVK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8ftBuM4g==</latexit>

U wanders freely throughout
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

thus obtain a family of unitarily equivalent matrices, which are isospectral to the fiducial matrix  
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

<latexit sha1_base64="71mZFKsTTeWADErC8CbGb8199Uo=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1QdOPCRQX7gCaEyWTSDp1MwsxELKW/4saFIm79EXf+jdM2C209MHA45x7unRNmnCntON9WaWV1bX2jvFnZ2t7Z3bP3q22V5pLQFkl5KrshVpQzQVuaaU67maQ4CTnthMObqd95pFKxVDzoUUb9BPcFixnB2kiBXfWyAQtidIW8O5OKMOoEds2pOzOgZeIWpAYFmoH95UUpyRMqNOFYqZ7rZNofY6kZ4XRS8XJFM0yGuE97hgqcUOWPZ7dP0LFRIhSn0jyh0Uz9nRjjRKlREprJBOuBWvSm4n9eL9fxpT9mIss1FWS+KM450imaFoEiJinRfGQIJpKZWxEZYImJNnVVTAnu4peXSfu07p7Xz+7Pao3roo4yHMIRnIALF9CAW2hCCwg8wTO8wps1sV6sd+tjPlqyiswB/IH1+QNY7ZNb</latexit>

�f = ⇤W

(a `jargon guy’ would lavishly say 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="TyYjQnwWuKOyO3EHRZ6AijKFfLQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeD/qlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB46IjyE=</latexit>

�fis the orbit of in .) under adjoint action 

——————

enough to study the spectrum of complex eigenvalues of 
<latexit sha1_base64="TyYjQnwWuKOyO3EHRZ6AijKFfLQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeD/qlyte1ZsDrxI/JxXI0eiXv3oDRdOYSUsFMabre4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKT5zygBHSruSFs/V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJa2Lqn9Zrd3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB46IjyE=</latexit>

�f
<latexit sha1_base64="E19y6ZmgpkkY5isEjKJyMp+chFs=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+xdluztHrtzSgz5JTYWitj6U+z8N26SKzTxwcDjvRlm5oWp4AY879sprKyurW8UN0tb2zu7ZXdvv2lUpilrUCWUbofEMMElawAHwdqpZiQJBWuFw+up33pg2nAl72GUsiAhseQRpwSs1HPL3VslY83jARCt1WPPrXhVbwa8TPycVFCOes/96vYVzRImgQpiTMf3UgjGRAOngk1K3cywlNAhiVnHUkkSZoLx7PAJPrZKH0dK25KAZ+rviTFJjBkloe1MCAzMojcV//M6GUSXwZjLNAMm6XxRlAkMCk9TwH2uGQUxsoRQze2tmA6IJhRsViUbgr/48jJpnlb98+rZ3VmldpXHUUSH6AidIB9doBq6QXXUQBRl6Bm9ojfnyXlx3p2PeWvByWcO0B84nz9DBpN/</latexit>

=) for given 
<latexit sha1_base64="+ciCzTRrJBAuqaQxJspdfSnC2XQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHVZdOPCRQX7wHYomUymDU0yQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce4KEM21c99sprKyurW8UN0tb2zu7e+X9g5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bwehm6refqNIslg9mnFBf4IFkESPYWOmxd2ejIT5D7X654lbdGdAy8XJSgRyNfvmrF8YkFVQawrHWXc9NjJ9hZRjhdFLqpZommIzwgHYtlVhQ7WezjSfoxCohimJlnzRopv6eyLDQeiwCmxTYDPWiNxX/87qpia78jMkkNVSS+UdRypGJ0fR8FDJFieFjSzBRzO6KyBArTIwtqWRL8BZPXiat86p3Ua3d1yr167yOIhzBMZyCB5dQh1toQBMISHiGV3hztPPivDsf82jByWcO4Q+czx9805An</latexit>

⇤,W

assume further that the spectrum of splits into several disjoint segments,
<latexit sha1_base64="czBxziAoqChpX+oAJwD/LQCrNYs=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS1DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfUuq7WHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8Ok49m</latexit>

⇤ which could be realized in our ensemble when
<latexit sha1_base64="92sUO1BYfxj1iCiXEYt6b+vlq1w=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8Ei1E1JpKjLohuXFewFmlgmk0k6dDIJMxMhhPoqblwo4tYHcefbOGmz0NYfBj7+cw7nzO8ljEplWd9GZW19Y3Orul3b2d3bPzAPj/oyTgUmPRyzWAw9JAmjnPQUVYwME0FQ5DEy8KY3RX3wSISkMb9XWULcCIWcBhQjpa2xWe83nWRCHxwfhSERBZ+NzYbVsuaCq2CX0AClumPzy/FjnEaEK8yQlCPbSpSbI6EoZmRWc1JJEoSnKCQjjRxFRLr5/PgZPNWOD4NY6McVnLu/J3IUSZlFnu6MkJrI5Vph/lcbpSq4cnPKk1QRjheLgpRBFcMiCehTQbBimQaEBdW3QjxBAmGl86rpEOzlL69C/7xlX7Tad+1G57qMowqOwQloAhtcgg64BV3QAxhk4Bm8gjfjyXgx3o2PRWvFKGfq4I+Mzx8naJR3</latexit>

V (�†�)

has several well-separated minima, where the eigenvalues of condense.
<latexit sha1_base64="92SZ/2ikcpsidVHLzdwKni+BL4w=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjQsXFexD2rFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORtdTv/1ElWaxvDfjhPoCDySLGMHGSg+9WxsN8WO1Xyq7FXcGtEy8nJQhR6Nf+uqFMUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72WzhCTq1SoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiSz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2hK8xZOXSata8c4rtbtauX6V11GAYziBM/DgAupwAw1oAgEBz/AKb45yXpx352MeXXHymSP4A+fzBzhckAo=</latexit>

⇤2

in an unrestricted complex matrix model 
<latexit sha1_base64="GF4bgRXkGSlqqgMvX0bX20HtUyU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mkqMeiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0u+f3z9qBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWPc9NTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheMsvr5L2Zd27qjceGrXmbRFHGU7gFC7Ag2towj20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sKI3Y</latexit>

U&V
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

Ware independent of each other, and therefore as they vary independently, roams through the entire group 
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)
<latexit sha1_base64="71mZFKsTTeWADErC8CbGb8199Uo=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1QdOPCRQX7gCaEyWTSDp1MwsxELKW/4saFIm79EXf+jdM2C209MHA45x7unRNmnCntON9WaWV1bX2jvFnZ2t7Z3bP3q22V5pLQFkl5KrshVpQzQVuaaU67maQ4CTnthMObqd95pFKxVDzoUUb9BPcFixnB2kiBXfWyAQtidIW8O5OKMOoEds2pOzOgZeIWpAYFmoH95UUpyRMqNOFYqZ7rZNofY6kZ4XRS8XJFM0yGuE97hgqcUOWPZ7dP0LFRIhSn0jyh0Uz9nRjjRKlREprJBOuBWvSm4n9eL9fxpT9mIss1FWS+KM450imaFoEiJinRfGQIJpKZWxEZYImJNnVVTAnu4peXSfu07p7Xz+7Pao3roo4yHMIRnIALF9CAW2hCCwg8wTO8wps1sV6sd+tjPlqyiswB/IH1+QNY7ZNb</latexit>

�f = ⇤Wcausing the complex eigenvalues of to smear in the complex plane,  and not be concentrated in annuli with radii given by the minima of  
<latexit sha1_base64="g0QOLha2pu7zraPktXghdnYee1M=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQNyUpRV0W3bhwUcE+oIllMpm0QyeTMDMRSuhvuHGhiFt/xp1/47TNQlsPDBzOOZd75/gJZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRx0Vp5LQNol5LHs+VpQzQduaaU57iaQ48jnt+uObmd99olKxWDzoSUK9CA8FCxnB2khup+remXCAH+vng3LFrtlzoFXi5KQCOVqD8pcbxCSNqNCEY6X6jp1oL8NSM8LptOSmiiaYjPGQ9g0VOKLKy+Y3T9GZUQIUxtI8odFc/T2R4UipSeSbZIT1SC17M/E/r5/q8MrLmEhSTQVZLApTjnSMZgWggElKNJ8Ygolk5lZERlhiok1NJVOCs/zlVdKp15yLWuO+UWle53UU4QROoQoOXEITbqEFbSCQwDO8wpuVWi/Wu/WxiBasfOYY/sD6/AGs2JDP</latexit>

V (⇤2)

<latexit sha1_base64="g0QOLha2pu7zraPktXghdnYee1M=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQNyUpRV0W3bhwUcE+oIllMpm0QyeTMDMRSuhvuHGhiFt/xp1/47TNQlsPDBzOOZd75/gJZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRx0Vp5LQNol5LHs+VpQzQduaaU57iaQ48jnt+uObmd99olKxWDzoSUK9CA8FCxnB2khup+remXCAH+vng3LFrtlzoFXi5KQCOVqD8pcbxCSNqNCEY6X6jp1oL8NSM8LptOSmiiaYjPGQ9g0VOKLKy+Y3T9GZUQIUxtI8odFc/T2R4UipSeSbZIT1SC17M/E/r5/q8MrLmEhSTQVZLApTjnSMZgWggElKNJ8Ygolk5lZERlhiok1NJVOCs/zlVdKp15yLWuO+UWle53UU4QROoQoOXEITbqEFbSCQwDO8wpuVWi/Wu/WxiBasfOYY/sD6/AGs2JDP</latexit>

V (⇤2)comment: this argument explains why the number of eigenvalue rings in the complex plane is bounded from above by the number of minima of

to see that at the number of rings cannot be larger than one requires the detailed proof, in the large-N limit. 

the argument:



This argument suggest a way to evade the SRT: 
correlate             in a way which will prevent        roaming freely through the unitary group     

<latexit sha1_base64="GF4bgRXkGSlqqgMvX0bX20HtUyU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mkqMeiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0u+f3z9qBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWPc9NTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheMsvr5L2Zd27qjceGrXmbRFHGU7gFC7Ag2towj20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sKI3Y</latexit>

U&V
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

for example, consider a block-diagonal  
<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W, with the upper diagonal block a
<latexit sha1_base64="7usXECqbV7uwDzdCPGYaEEUA1NE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL0IuEcxDkiXMTmaTIbOzy0yvEEK+wosHRbz6Od78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mOtiyLihtR6xZJbducgq8TLSAky1HvFr24/ZmnEFTJJjel4boL+hGoUTPJpoZsanlA2ogPesVRRu8afzA+ekjOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HBhuAtv7xKmhdl77Jcua+UqjdZHHk4gVM4Bw+uoAp3UIcGMIjgGV7hzdHOi/PufCxac042cwx/4Hz+AENTkBE=</latexit>

K ⇥K unitary diagonal matrix
<latexit sha1_base64="fYY4Rm3l+2EYHmraiXvXaPoz4oY=">AAACJ3icbZDLSgMxFIYzXmu9VV26CRZBQcpMKepKim4ENxWsLXTGIZOe1tBkMiQZoQzzNm58FTeCiujSNzG9LLz9EPjzn3NIzhclnGnjuh/OzOzc/MJiYam4vLK6tl7a2LzWMlUUmlRyqdoR0cBZDE3DDId2ooCIiEMrGpyN6q07UJrJ+MoMEwgE6cesxygxNgpLJ5mvBO4y0s/34CZjvhTQJ6GXH+Bv12p+4POuNPpHepHvh6WyW3HHwn+NNzVlNFUjLD37XUlTAbGhnGjd8dzEBBlRhlEOedFPNSSEDkgfOtbGRIAOsvGeOd61SRf3pLInNnicfp/IiNB6KCLbKYi51b9ro/C/Wic1veMgY3GSGojp5KFeyrGReATN8lFADR+OQFHF7F8xvSWKUGPRFi0E7/fKf811teIdVmqXtXL9dIqjgLbRDtpDHjpCdXSOGqiJKLpHj+gFvToPzpPz5rxPWmec6cwW+iHn8wv/M6YF</latexit>

diag(ei!1 , ei!2 , . . . , ei!K )

with       a finite fraction of     
<latexit sha1_base64="LPmTpl832Q3hUcD8uMQu63tCu9M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6TzjNg=</latexit>

K
<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N. Thus, if the first   eigenvalues of        clump into several disjoint segments, the corresponding first   eigenvalues of    
<latexit sha1_base64="LPmTpl832Q3hUcD8uMQu63tCu9M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6TzjNg=</latexit>

K
<latexit sha1_base64="LPmTpl832Q3hUcD8uMQu63tCu9M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6TzjNg=</latexit>

K
<latexit sha1_base64="92SZ/2ikcpsidVHLzdwKni+BL4w=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjQsXFexD2rFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORtdTv/1ElWaxvDfjhPoCDySLGMHGSg+9WxsN8WO1Xyq7FXcGtEy8nJQhR6Nf+uqFMUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72WzhCTq1SoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiSz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2hK8xZOXSata8c4rtbtauX6V11GAYziBM/DgAupwAw1oAgEBz/AKb45yXpx352MeXXHymSP4A+fzBzhckAo=</latexit>

⇤2

will form rings (or annuli) in the complex plane whose radii follow those clumps.  

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

In the extreme case                  , 
<latexit sha1_base64="5NoPwx6AKlTgGSsZpE1tEvC+eO0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6EUQJKJ5QLKE2UlvMmR2dpmZFcKST/DiQRGvfpE3/8bJ46CJBQ1FVTfdXUEiuDau++3klpZXVtfy64WNza3tneLuXl3HqWJYY7GIVTOgGgWXWDPcCGwmCmkUCGwEg+ux33hCpXksH80wQT+iPclDzqix0sPt5V2nWHLL7gRkkXgzUoIZqp3iV7sbszRCaZigWrc8NzF+RpXhTOCo0E41JpQNaA9blkoaofazyakjcmSVLgljZUsaMlF/T2Q00noYBbYzoqav572x+J/XSk144WdcJqlByaaLwlQQE5Px36TLFTIjhpZQpri9lbA+VZQZm07BhuDNv7xI6idl76x8en9aqlzN4sjDARzCMXhwDhW4gSrUgEEPnuEV3hzhvDjvzse0NefMZvbhD5zPH8JLjXc=</latexit>

K = N
<latexit sha1_base64="sJ01vox2o27y/hva+x1/j88CaoI=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIFaTMFFE3gtSNK6lgrdCpJZOetqHJZEgyQhnmfdz4Ki504QW3vodpOwur/hD4859zSM4XRJxp47rvTm5ufmFxKb9cWFldW98obm7daBkrCg0quVS3AdHAWQgNwwyH20gBEQGHZjA8H9eb96A0k+G1GUXQFqQfsh6jxNioU6w18SlOfCVwl5F+Woa7hPlSQJ90vPQA/7hW0wOfd6XRM+llut8pltyKOxH+a7zMlFCmeqf47HcljQWEhnKidctzI9NOiDKMckgLfqwhInRI+tCyNiQCdDuZ7JriPZt0cU8qe0KDJ+nPiYQIrUcisJ2CmIH+XRuH/9VasemdtBMWRrGBkE4f6sUcG4nH4CwfBdTw0RgUVcz+FdMBUYQai7dgIXi/V/5rbqoV76hyeHVYOqtlOPJoB+2iMvLQMTpDF6iOGoiiB/SEXtGb8+i8OB/O57Q152Qz22hGztc3EBynBA==</latexit>

W = diag(ei!1 , ei!2 , . . . , ei!N )we’ll have a completely diagonal , which would result in all eigenvalues of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

forming rings (or annuli) according to the breakup of the spectrum of          into segments.
<latexit sha1_base64="92SZ/2ikcpsidVHLzdwKni+BL4w=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjQsXFexD2rFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORtdTv/1ElWaxvDfjhPoCDySLGMHGSg+9WxsN8WO1Xyq7FXcGtEy8nJQhR6Nf+uqFMUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72WzhCTq1SoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiSz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2hK8xZOXSata8c4rtbtauX6V11GAYziBM/DgAupwAw1oAgEBz/AKb45yXpx352MeXXHymSP4A+fzBzhckAo=</latexit>

⇤2

In this case
<latexit sha1_base64="X4aZq9kWqKKE30syGphMlIKgO84="></latexit>

�f = ⇤W = diag(�1e
i!1 ,�2e

i!2 , . . . ,�Nei!N ) <latexit sha1_base64="f0DzCuaVr/HHZWTdoyY4/sF8Wog=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIkXdCEU3LivYBySxTCaTdOhkEmYmQgnd+CtuXCji1s9w5984abPQ1gP3cjjnXmbu8VNGpbKsb6OytLyyulZdr21sbm3vmLt7XZlkApMOTlgi+j6ShFFOOooqRvqpICj2Gen5o5vC7z0SIWnC79U4JV6MIk5DipHS0sA8cNx0SE+L9uAGKIqI8OAVtAZm3WpYU8BFYpekDkq0B+aXGyQ4iwlXmCEpHdtKlZcjoShmZFJzM0lShEcoIo6mHMVEevn0gAk81koAw0To4gpO1d8bOYqlHMe+noyRGsp5rxD/85xMhZdeTnmaKcLx7KEwY1AlsEgDBlQQrNhYE4QF1X+FeIgEwkpnVtMh2PMnL5LuWcM+bzTvmvXWdRlHFRyCI3ACbHABWuAWtEEHYDABz+AVvBlPxovxbnzMRitGubMP/sD4/AE+u5WJ</latexit>

[�,�†] = 0, rendering
<latexit sha1_base64="T7y+05rQf8AVrO2yQHEuj/p26U8=">AAACAnicbZDNSsNAFIUn9a/Wv6grcTNYBFclkaJuhKIblxVMW2himEwm6dDJJMxMhBKKG1/FjQtF3PoU7nwbJ20X2npg4OPce7lzT5AxKpVlfRuVpeWV1bXqem1jc2t7x9zd68g0F5g4OGWp6AVIEkY5cRRVjPQyQVASMNINhtdlvftAhKQpv1OjjHgJijmNKEZKW7554GYDCi+hA0vwI+jcuyGKYyJ8s241rIngItgzqIOZ2r755YYpzhPCFWZIyr5tZcorkFAUMzKuubkkGcJDFJO+Ro4SIr1icsIYHmsnhFEq9OMKTtzfEwVKpBwlge5MkBrI+Vpp/lfr5yq68ArKs1wRjqeLopxBlcIyDxhSQbBiIw0IC6r/CvEACYSVTq2mQ7DnT16EzmnDPms0b5v11tUsjio4BEfgBNjgHLTADWgDB2DwCJ7BK3gznowX4934mLZWjNnMPvgj4/MHdzWWOA==</latexit>

� = U�fU
†  a normal matrix

Conclusion:  
Normal matrices (drawn from a rotationally invariant probability ensemble) evade the SRT maximally 



This motivates us to consider a parametric family of Random Matrix Models of the form  
<latexit sha1_base64="lP+ssg1edXEGA3ro4O8mhfSjqIg="></latexit>

Pc(�,�
†) =

1

Zc
e�Ntr(V (�†�)+ c

4 [�,�
†]2)

with positive parameter     .   <latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c
<latexit sha1_base64="18v2q5B6mrhG0dVHI0I6Xxoc/aQ=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkqMuiG5cV7AOSWCaTSTp0MgkzEyGE+ituXCji1g9x5984abPQ1gP3cjjnXubO8VNGpbKsb2NldW19Y7O2Vd/e2d3bNw8O+zLJBCY9nLBEDH0kCaOc9BRVjAxTQVDsMzLwJzelP3gkQtKE36s8JV6MIk5DipHS0shsOG46pmdle3ADFEVEeCOzabWsGeAysSvSBBW6I/PLDRKcxYQrzJCUjm2lyiuQUBQzMq27mSQpwhMUEUdTjmIivWJ2/BSeaCWAYSJ0cQVn6u+NAsVS5rGvJ2OkxnLRK8X/PCdT4ZVXUJ5minA8fyjMGFQJLJOAARUEK5ZrgrCg+laIx0ggrHRedR2CvfjlZdI/b9kXrfZdu9m5ruKogSNwDE6BDS5BB9yCLugBDHLwDF7Bm/FkvBjvxsd8dMWodhrgD4zPH4W/lLQ=</latexit>

[�,�†] is hermitian, and therefore 
<latexit sha1_base64="CkZKMXiZBOZKI3sdtFTGJx26518=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgQkpSirosunFZwT4gSctkMkmHTiZhZiKUUPBX3LhQxK3f4c6/cdJmoa0H7uVwzr3MneOnjEplWd/Gyura+sZmZau6vbO7t28eHHZlkglMOjhhiej7SBJGOekoqhjpp4Kg2Gek549vC7/3SISkCX9Qk5R4MYo4DSlGSktD89hx0xG9KNrADVAUEeENGkOzZtWtGeAysUtSAyXaQ/PLDRKcxYQrzJCUjm2lysuRUBQzMq26mSQpwmMUEUdTjmIivXx2/hSeaSWAYSJ0cQVn6u+NHMVSTmJfT8ZIjeSiV4j/eU6mwmsvpzzNFOF4/lCYMagSWGQBAyoIVmyiCcKC6lshHiGBsNKJVXUI9uKXl0m3Ubcv6837Zq11U8ZRASfgFJwDG1yBFrgDbdABGOTgGbyCN+PJeDHejY/56IpR7hyBPzA+fwC5QJVY</latexit>

[�,�†]2 is a positive matrix.

Consequently,
<latexit sha1_base64="dmXkx9Dt4vwujF1H1QxHGQ6BZd8="></latexit>

tr[�,�†]2 = 0 () [�,�†] = 0 , that is, <latexit sha1_base64="rodqWCKGade/zcOq7teQSnFGmyc=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBsAp3EtQyaGNhEcF8QC6Evc1esmRv99idU0KIjX/FxkIRW/+Fnf/GTXKFJj4YeLw3w8y8MBHcgOd9O7ml5ZXVtfx6YWNza3vH3d2rG5VqympUCaWbITFMcMlqwEGwZqIZiUPBGuHgauI37pk2XMk7GCasHZOe5BGnBKzUcQ+CGyV7gkWgea8PRGv1gIOkzztu0St5U+BF4mekiDJUO+5X0FU0jZkEKogxLd9LoD0iGjgVbFwIUsMSQgekx1qWShIz0x5NPxjjY6t0caS0LQl4qv6eGJHYmGEc2s6YQN/MexPxP6+VQnTRHnGZpMAknS2KUoFB4UkcuMs1oyCGlhCqub0V0z7RhIINrWBD8OdfXiT105J/VirflouVyyyOPDpER+gE+egcVdA1qqIaougRPaNX9OY8OS/Ou/Mxa8052cw++gPn8wcAfJdB</latexit>

() � a normal matrix.
In summary,

<latexit sha1_base64="gFSwF98XGmrGTZP16fP9JjcEcLg=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSGqkqqChgrWBiLRB9Sk1aO46RW7SSyHaQq6szCr7AwgBArX8DG3+C0GaDlSPfq6Jx7Zd/jJYxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZJwKTNo4ZrHoeUgSRiPSVlQx0ksEQdxjpOuNb3K/+0CEpHF0ryYJcTkKIxpQjJSWhuYJdqqZIzhUYgr7TjKi1bwNHB+FIRHuoD40K1bNmgEuE7sgFVCgNTS/HD/GKSeRwgxJ2betRLkZEopiRqZlJ5UkQXiMQtLXNEKcSDebnTKFZ1rxYRALXZGCM/X3Roa4lBPu6UmO1Eguern4n9dPVXDlZjRKUkUiPH8oSBlUMcxzgT4VBCs20QRhQfVfIR4hgbDS6ZV1CPbiycukU6/ZF7XGXaPSvC7iKIFjcArOgQ0uQRPcghZoAwwewTN4BW/Gk/FivBsf89EVo9g5An9gfP4AYL6aFA==</latexit>

c tr[�,�†]2 penalizes      in probability for deviation from normality.
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="IKC49LXlD+Yb7Egoux5ArkqOZ00="></latexit>

P (�,�†) =
1

Z e�NtrV (�†�)At
<latexit sha1_base64="CdOgh+F5bKAoeA+WO5a0kFyKEcM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHti12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AuWONcQ==</latexit>

c = 0 the model coincides with our original ensemble
As <latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c is turned on, the penalty term increasingly suppresses non-normal matrices,
until only normal matrices    are allowed in the limit <latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� <latexit sha1_base64="kqmeCclOgC2UVri1x7XC0zGNeks=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTtQQ+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jeQ5YwPyIjyUNOCRhpYFepp/hoDESp+NHjMoRsYNecujMHXiVuQWqoQGtgf3nDmKYRk0AF0brvOgn4OVHAqWDTipdqlhA6ISPWN1SSiGk/n98+xadGGeIwVqYk4Ln6eyInkdZZFJjOiMBYL3sz8T+vn0J45edcJikwSReLwlRgiPEsCDzkilEQmSGEKm5uxXRMFKFg4qqYENzll1dJ57zuXtQbd41a87qIo4yO0Qk6Qy66RE10i1qojSh6Qs/oFb1ZU+vFerc+Fq0lq5g5Qn9gff4A0paU9g==</latexit>

c ! 1

This model flows (interpolates continuously) between generic (rotationally invariant) complex random 
matrix models and normal matrix models, with flow parameter : <latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c



Thus, as      is turned on and increased, we expect the effect of normal matrices at some point  
to be strong enough and evade the SRT.

<latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c

This complicates the diagrammatic analysis tremendously, as one would have to go beyond leading planar order  
in the large-N expansion, and resum non-perturbatively infinitely many non-planar diagrams.

<latexit sha1_base64="htXoDX9yaK2VFZjnwsmQxB2gHYY="></latexit>

tr[�,�†]2 = 2tr[(�†�)2 � �2�2†]Comment: note that . Thus the first part of the penalty term term proportional to

can be combined with the original potential
<latexit sha1_base64="zsTirlTaPqv9dXWgAfXlGgyDPHk=">AAACBXicbZC7TsMwFIYdrqXcAowwWFRIZamSqgLGChbGItGL1KSV4zipVceJbAepirqw8CosDCDEyjuw8TY4bQZo+SVLn/5zjo7P7yWMSmVZ38bK6tr6xmZpq7y9s7u3bx4cdmScCkzaOGax6HlIEkY5aSuqGOklgqDIY6TrjW/yeveBCEljfq8mCXEjFHIaUIyUtobmSeaICCoxrTrJiA4cH4UhETmfD+pDs2LVrJngMtgFVECh1tD8cvwYpxHhCjMkZd+2EuVmSCiKGZmWnVSSBOExCklfI0cRkW42u2IKz7TjwyAW+nEFZ+7viQxFUk4iT3dGSI3kYi03/6v1UxVcuRnlSaoIx/NFQcqgimEeCfSpIFixiQaEBdV/hXiEBMJKB1fWIdiLJy9Dp16zL2qNu0aleV3EUQLH4BRUgQ0uQRPcghZoAwwewTN4BW/Gk/FivBsf89YVo5g5An9kfP4ABBWYRA==</latexit>

tr(�†�)2
<latexit sha1_base64="9LsVK/jLm8IRWqLtwm7Xg/KMMD8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCqkslQJqoCxgoWxSPQiNaFyHKe1ajuR7SBVUQcWXoWFAYRYeQg23ganzQAtv2Tp03/O0fH5g4RRpR3n21pZXVvf2Cxtlbd3dvf27YPDjopTiUkbxyyWvQApwqggbU01I71EEsQDRrrB+Dqvdx+IVDQWd3qSEJ+joaARxUgba2BXMk9yqOW0U/OSEb33QjQcEpnz6cCuOnVnJrgMbgFVUKg1sL+8MMYpJ0JjhpTqu06i/QxJTTEj07KXKpIgPEZD0jcoECfKz2ZHTOGJcUIYxdI8oeHM/T2RIa7UhAemkyM9Uou13Pyv1k91dOlnVCSpJgLPF0UpgzqGeSIwpJJgzSYGEJbU/BXiEZIIa5Nb2YTgLp68DJ2zunteb9w2qs2rIo4SqIBjUAMuuABNcANaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX5A3v+mAA=</latexit>

trV (�†�)

in the large-N limit by summing all planar diagrams as before. However, the other part

, and their combined effect can be studied
<latexit sha1_base64="8N7uIyaizn77RWq9aoeD+xT0NOw=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFVSVcBYwcJYJPqQmlA5jptatZPIdpCqKCMLv8LCAEKsfAIbf4ObZoCWI92ro3PulX2PFzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyigRmHRwxCLR95AkjIako6hipB8LgrjHSM+bXM/83gMRkkbhnZrGxOUoCOmIYqS0NDSPU0dwqERWc+IxvW/kPW04PgoCIrKzoVm16lYOuEzsglRBgfbQ/HL8CCechAozJOXAtmLlpkgoihnJKk4iSYzwBAVkoGmIOJFumh+SwVOt+HAUCV2hgrn6eyNFXMop9/QkR2osF72Z+J83SNTo0k1pGCeKhHj+0ChhUEVwlgr0qSBYsakmCAuq/wrxGAmElc6uokOwF09eJt1G3T6vN2+b1dZVEUcZHIETUAM2uAAtcAPaoAMweATP4BW8GU/Gi/FufMxHS0axcwj+wPj8AVXOmYw=</latexit>

tr(�2�2†)

in the penalty term amounts to a new type of interaction vertex which breaks planarity as soon as     is turned on.<latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c

Thus, at this point we resort to numerical investigations…
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Figure 2. The two bare quark–gluon vertices (a) and (b) and quartic (c) and sextic (d) gluon
self-interaction vertices. All vertices are of order N.

It is of order 1
N

, as a direct consequence of the explicit N-dependence in (20). In order that the
quark propagator have the same N-dependence as the gluon’s, we scaled the quark propagator
to be of order 1

N
as well. This behaviour, together with the fact that the ‘gluon self-couplings’

m2, g4, g6, . . . are all of order N0, will ensure that the model has a smooth behaviour as
N → ∞, as will be seen in more detail below.

The bare gluon propagator is depicted in figure 1(a). Following ’t Hooft [20], it is
represented by a double line, simply because φ carries two indices. The flows along these
lines preserve both colour and flavour, as is evident from (31). The reason why the lines in
figure 1(a) run in opposite directions is easy to understand. Observe that φ transforms under
gauge transformations as u⊗d†. Thus, the bare propagation of φ is similar to a process in one
end of which a u-quark is destroyed and a d-quark is created, and in the other end of which
the opposite occurs.

Let us discuss now the vertices. From the ‘quark–quark–gluon’ interaction (28) we see
that a gluon φ always absorbs a d-quark and emits a u-quark, and φ† does the opposite. These
two processes are described by the two quark–gluon vertices depicted in figures 2(a) and
(b). Both vertices are taken to be proportional to N, so that they be of the same order of
magnitude as the gluon self-interaction vertices, such as the quartic vertex with coupling Ng4

shown in figure 2(c) and the sextic vertex with coupling Ng6 in figure 2(d). Another way of
seeing that the quark–gluon vertices should be of order N is to note from (25) that with the 1

N

normalization of the quark propagator we have 1
N
Gµν =

〈( 1
NG−1

0 −NV

)
µν

〉
.

That all vertices scale in the same way with N, as do the propagators, is needed to obtain
a smooth large-N behaviour. Note from figures 2(a)–(d) that both colour and flavour flow
unobstructed through the various vertices. This is, of course, because all interaction terms are
gauge invariant.

To summarize, all bare vertices are of order N, and all propagators are of order 1
N

.
Now, use the vertices and propagators defined above as building blocks of graphs—

Feynman diagrams. The diagrams thus constructed are called double-line diagrams.
In order to compute a certain observable, all double-line diagrams consistent with that

observable should be drawn, computed and added with the appropriate combinatoric factors.
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Monte-Carlo simulations of the flow model

Study concretely the case of cubic V:
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V (�†�) = m2�†�+
g

2
(�†�)2 +

u

3
(�†�)3

Indeed, for
<latexit sha1_base64="5Futhx0MfVudJZrtz3PYS+4fFTk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZ0XxAcoS9zdxlyd7esbsnhJCfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAKro3rfjuFldW19Y3iZmlre2d3r7x/0NRJphg2WCIS1Q6oRsElNgw3AtupQhoHAlvB8Hbqt55QaZ7IRzNK0Y9pJHnIGTVWeoiu3V654lbdGcgy8XJSgRz1Xvmr209YFqM0TFCtO56bGn9MleFM4KTUzTSmlA1phB1LJY1R++PZqRNyYpU+CRNlSxoyU39PjGms9SgObGdMzUAvelPxP6+TmfDKH3OZZgYlmy8KM0FMQqZ/kz5XyIwYWUKZ4vZWwgZUUWZsOiUbgrf48jJpnlW9i+r5/XmldpPHUYQjOIZT8OASanAHdWgAgwie4RXeHOG8OO/Ox7y14OQzh/AHzucPvfaNdA==</latexit>

g < 0 it has two local maxima on the positive real axis 

which is the simplest nontrivial polynomial potential in which the eigenvalues of
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�†� (i.e.,     ) 
<latexit sha1_base64="92SZ/2ikcpsidVHLzdwKni+BL4w=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjQsXFexD2rFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORtdTv/1ElWaxvDfjhPoCDySLGMHGSg+9WxsN8WO1Xyq7FXcGtEy8nJQhR6Nf+uqFMUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72WzhCTq1SoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiSz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2hK8xZOXSata8c4rtbtauX6V11GAYziBM/DgAupwAw1oAgEBz/AKb45yXpx352MeXXHymSP4A+fzBzhckAo=</latexit>

⇤2

could coalesce in two disjoint segments. 

and the eigenvalues of
<latexit sha1_base64="Tk3ZZNrdtV2wi0bASIS/JFHAkbY=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZlS1I1QdOPCRQX7gOlYMpm0Dc0kQ5IRytDPcONCEbd+jTv/xrSdhbYeCBzOOZfce8KEM21c99tZWV1b39gsbBW3d3b39ksHhy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQz9dtPVGkmxYMZJzSI8UCwPiPYWMnXV907G47wY7VXKrsVdwa0TLyclCFHo1f66kaSpDEVhnCste+5iQkyrAwjnE6K3VTTBJMRHlDfUoFjqoNstvIEnVolQn2p7BMGzdTfExmOtR7HoU3G2Az1ojcV//P81PQvg4yJJDVUkPlH/ZQjI9H0fhQxRYnhY0swUczuisgQK0yMbaloS/AWT14mrWrFO6/U7mvl+nVeRwGO4QTOwIMLqMMtNKAJBCQ8wyu8OcZ5cd6dj3l0xclnjuAPnM8fk7iQzg==</latexit>

s = ⇤2

<latexit sha1_base64="EKOw3xfjZsEc6BXRBc7LgeodkHw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpE5VXw7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8Rq3+UK80b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBT0SNxQ==</latexit>

V (s)

<latexit sha1_base64="92SZ/2ikcpsidVHLzdwKni+BL4w=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjQsXFexD2rFkMpk2NMkMSUYoQ7/CjQtF3Po57vwb03YW2nogcDjnXHLvCRLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6gRYU84kbRpmOO0kimIRcNoORtdTv/1ElWaxvDfjhPoCDySLGMHGSg+9WxsN8WO1Xyq7FXcGtEy8nJQhR6Nf+uqFMUkFlYZwrHXXcxPjZ1gZRjidFHuppgkmIzygXUslFlT72WzhCTq1SoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiSz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2hK8xZOXSata8c4rtbtauX6V11GAYziBM/DgAupwAw1oAgEBz/AKb45yXpx352MeXXHymSP4A+fzBzhckAo=</latexit>

⇤2 will coalesce in the two segments
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where a, b and c are determined according to the methods of JMP42(2001)5718

Comment: the segment edge c here is not to be confused with the coefficient in front of the penalizing commutator squared term
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⇤2

phases the eigenvalues si of !†! live in a single segment. In one of these single segment phases,
the segment includes the origin (0"s"a), but in the other it does not (0!a"s"b). Following
the general discussion in the last part of Sec. II, we would expect that the spectrum of ! itself is
a disk in the first case, and an annulus in the second case.

In the third phase of !†! , there are two segments, one of which hits the origin (#0"s
"a$!#b"s"c$). %There is no two-segment phase of !†! which does not include the origin.&
Thus, according to the discussion in the last part of Sec. II, the non-Hermitian matrix ! is expected
to be in the disk phase in this case %rather than having its eigenvalue fill in a disk surrounded by
a concentric annulus&, in accordance with the ‘‘single ring’’ theorem.

In this short section we limit our discussion to the two-segment phase of !†! . 'A rather
detailed sketch of the analytical conditions that determine the whole phase structure of the sextic
ensemble %5.1& is given in the Appendix.( Our purpose here is to demonstrate numerically the
‘‘single ring’’ Theorem for the eigenvalue distribution of matrices ! taken from the sextic en-
semble %5.1&. To this end, we have to identify points well within the phase in which the eigenval-
ues of !†! split into two segments.

We used the formalism of the Appendix to choose two ensembles in the two-segment phase of
!†! , for which we verified that the eigenvalues of ! formed a disk. The results for these
ensembles are displayed in Figs. 4 and 5.

Figure 4 shows the scatter plot of the eigenvalues of ! together with the density of eigenval-
ues )̃(s) of !†! for %5.1& with couplings m2"7.372, *"#6.116 and g"1.372. As can be seen
on the right part of Fig. 4, for these couplings, the eigenvalues of !†! live in two separated

FIG. 4. Scatter plot of the eigenvalues of matrices ! of size 32$32, taken from %5.1& with m2"7.372, *"#6.116 and
g"1.372 %left&, and the corresponding density of eigenvalues )̃(s) of !†! %right&. The solid line on the right is the
analytical curve corresponding to %A22&. The support of )̃(s) is split into the two segments #0"s"a"1$!#b"2"s
"c"3$, while the support of )(r) on the left is manifestly a disk.

FIG. 5. Similar to Fig. 4, but with m2"6.403, *"4.184 and g"0.713. The support of )̃(s) is split into the two segments
#0"s"a"1$!#b"3"s"c"4$, while the support of )(r) on the left remains a disk.
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phases the eigenvalues si of !†! live in a single segment. In one of these single segment phases,
the segment includes the origin (0"s"a), but in the other it does not (0!a"s"b). Following
the general discussion in the last part of Sec. II, we would expect that the spectrum of ! itself is
a disk in the first case, and an annulus in the second case.

In the third phase of !†! , there are two segments, one of which hits the origin (#0"s
"a$!#b"s"c$). %There is no two-segment phase of !†! which does not include the origin.&
Thus, according to the discussion in the last part of Sec. II, the non-Hermitian matrix ! is expected
to be in the disk phase in this case %rather than having its eigenvalue fill in a disk surrounded by
a concentric annulus&, in accordance with the ‘‘single ring’’ theorem.

In this short section we limit our discussion to the two-segment phase of !†! . 'A rather
detailed sketch of the analytical conditions that determine the whole phase structure of the sextic
ensemble %5.1& is given in the Appendix.( Our purpose here is to demonstrate numerically the
‘‘single ring’’ Theorem for the eigenvalue distribution of matrices ! taken from the sextic en-
semble %5.1&. To this end, we have to identify points well within the phase in which the eigenval-
ues of !†! split into two segments.

We used the formalism of the Appendix to choose two ensembles in the two-segment phase of
!†! , for which we verified that the eigenvalues of ! formed a disk. The results for these
ensembles are displayed in Figs. 4 and 5.

Figure 4 shows the scatter plot of the eigenvalues of ! together with the density of eigenval-
ues )̃(s) of !†! for %5.1& with couplings m2"7.372, *"#6.116 and g"1.372. As can be seen
on the right part of Fig. 4, for these couplings, the eigenvalues of !†! live in two separated

FIG. 4. Scatter plot of the eigenvalues of matrices ! of size 32$32, taken from %5.1& with m2"7.372, *"#6.116 and
g"1.372 %left&, and the corresponding density of eigenvalues )̃(s) of !†! %right&. The solid line on the right is the
analytical curve corresponding to %A22&. The support of )̃(s) is split into the two segments #0"s"a"1$!#b"2"s
"c"3$, while the support of )(r) on the left is manifestly a disk.

FIG. 5. Similar to Fig. 4, but with m2"6.403, *"4.184 and g"0.713. The support of )̃(s) is split into the two segments
#0"s"a"1$!#b"3"s"c"4$, while the support of )(r) on the left remains a disk.

5733J. Math. Phys., Vol. 42, No. 12, December 2001 ‘‘Single ring theorem’’

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
132.68.248.37 On: Sun, 29 Dec 2013 12:50:00

<latexit sha1_base64="Pwoxz2WyGUWUfv9zB0ypkq+kAwk=">AAACGHicbVDLSsNAFJ34rPUVdelmsAguSk1sUBEKRTcuK9gHNKFMppN26GQSZyZCCf0MN/6KGxeKuO3Ov3GadlFbD9zL4Zx7mbnHjxmVyrJ+jJXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjHJSV1Qx0ooFQaHPSNMf3E385jMRkkb8UQ1j4oWox2lAMVJa6pjnqGIXoV8pFyGuODcQWi4jT1Bm3XZxEsPynOJ0zIJVsjLAZWLPSAHMUOuYY7cb4SQkXGGGpGzbVqy8FAlFMSOjvJtIEiM8QD3S1pSjkEgvzQ4bwVOtdGEQCV1cwUyd30hRKOUw9PVkiFRfLnoT8T+vnajg2kspjxNFOJ4+FCQMqghOUoJdKghWbKgJwoLqv0LcRwJhpbPM6xDsxZOXSeOiZF+WnAenUL2dxZEDx+AEnAEbXIEquAc1UAcYvIA38AE+jVfj3fgyvqejK8Zs5wj8gTH+BaLvnHs=</latexit>

a = 1, b = 3, c = 4 : 0  s  1 [ 3  s  4

<latexit sha1_base64="4nUVPXmlif1kUhkI4pkllUOozzA=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4Kru1qBeh6MWTVLAf0C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyb+e0nqjSL5KOZxNQXeChZyAg2mXR/fV7tl8puxZ0BLRMvJ2XI0eiXvnqDiCSCSkM41rrrubHxU6wMI5xOi71E0xiTMR7SrqUSC6r9dHbrFJ1aZYDCSNmSBs3U3xMpFlpPRGA7BTYjvehl4n9eNzHhlZ8yGSeGSjJfFCYcmQhlj6MBU5QYPrEEE8XsrYiMsMLE2HiKNgRv8eVl0qpWvItK7aFWrt/kcRTgGE7gDDy4hDrcQQOaQGAEz/AKb45wXpx352PeuuLkM0fwB87nDw9ujZs=</latexit>

N = 32

<latexit sha1_base64="DtIdFTlgFztWI5jy4ifOLOZoj74=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1JC0wXZTKLpxWcE+oI1lMp22QyeTMDMRSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7jx8xKpVtfxsrq2vrG5uZrez2zu7evnlw2JBhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7qe+s0HIiQN+Z0aR8QL0IDTPsVIaalrngT3BViBl5ZrF/NwULlwLafs5mFcsa2SU+yaOduyZ4DLxElJDqSodc2vTi/EcUC4wgxJ2XbsSHkJEopiRibZTixJhPAIDUhbU44CIr1k9scEnmmlB/uh0MUVnKm/JxIUSDkOfN0ZIDWUi95U/M9rx6pf9hLKo1gRjueL+jGDKoTTUGCPCoIVG2uCsKD6VoiHSCCsdHRZHYKz+PIyaRQsR8d46+aqV2kcGXAMTsE5cEAJVMENqIE6wOARPINX8GY8GS/Gu/Exb10x0pkj8AfG5w8mOZRo</latexit>

m2 = 6.403, g = �4.184, u = 0.713

<latexit sha1_base64="rCIGlUUHakArNUGiH8gAmcQD5JM=">AAACVXicbVFNa8IwGE4755z70G3HXcJk4BCkrbLtMpDtsqOD+QG2ShrTGkw/SNKBlP5JL2P/ZJfBUvWwqS8EHp4P3uSJGzMqpGF8afpB4bB4VDoun5yenVeqF5d9ESUckx6OWMSHLhKE0ZD0JJWMDGNOUOAyMnDnL7k++CBc0Ch8l4uYOAHyQ+pRjKSiJlXWr9vxjI7tKfJ9wnN8B59gMLa2adiAtscRTv0stbLd1NiCjbUhydLWPkNrUq0ZTWM1cBeYG1ADm+lOqkt7GuEkIKHEDAkxMo1YOinikmJGsrKdCBIjPEc+GSkYooAIJ121ksFbxUyhF3F1QglX7N9EigIhFoGrnAGSM7Gt5eQ+bZRI79FJaRgnkoR4vchLGJQRzCuGU8oJlmyhAMKcqrtCPEOqGak+oqxKMLefvAv6VtO8b7bf2rXO86aOErgGN6AOTPAAOuAVdEEPYLAE35qm6dqn9qMX9OLaqmubzBX4N3rlFyhesxQ=</latexit>

V (�†�) = m2�†�+
g

2
(�†�)2 +

u

3
(�†�)3



Turning the penalty term: MC simulations of the flow model

Notational comments: in the following plots 
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⇢(r)

stands for the radial variable 

stands for the radial density of eigenvalues of 
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is |i � j| = O(N0), the penalty is of much smaller or-
der g/N . This should be compared to the contribution
of the other term NTrV (�,�†) ⇠ N

2 in the exponent of
(8). Thus, if g = O(N3) or larger, only the identity per-
mutation P = 1 would dominate over all other permuta-
tions. By construction, the distribution (8) would then
be dominated by normal matrices �P = �1 = U⇤DU

†

with eigenvalues ⇣ = ⇤D as in (39), with ⇤ drawn from
(16) and with D flatly distributed over U(1)N .

As g decreases, more permutations would contribute
significantly to the partition function (9), starting with
permutations with a single pair interchange of more re-
mote �i’s, or permutations with several pair interchanges
of closer �i’s and so on and so forth. Finally, for g

small enough, that is, close to the initial ensemble of
unrestricted non-hermitian matrices, all permutation P

should be taken into consideration.
We really need some computer assistance here. Fix

some reasonable N , which is not too small, yet still man-
ageable, take an optimal quenched assignment of ⇤ as
described above, and compute C(P ;⇤) in (42) for each
permutation P 2 SN . Tabulate the results and order
them, and find how fast the quantity grows from the
minimal value 0, how many P ’s gather around this min-
imum etc. Also, look for the set of permutations which
minimize this quantity and classify them - look at cycles
etc.

In the large-N limit, try to identify a dominant conju-
gacy class of permutations - a dominant Young tableau,
as in 2d lattice YM (Kazakov et al?). One derives there
an equation for the profile of the boundary of the Young
tableau.

Wouldn’t it be simpler to just compute the density of
eigenvalues of � diagrammatically? That would require
non-planar diagrams due to the commutator term.

NUMERICAL RESULTS

Figure 1 exhibits the possibility of disjoint ring and
annular distributions. For small c there is a non-zero
eigenvalue density for all � . 1.9. The logarithmic dis-
play of Fig. 2 provides a better window into the data for
the region 0.4 . � . 1.5. A final depiction of the same
data, 3, gives insight into the finite size e↵ects. The fact
that in the region 0.15 . c . 0.20 P(�) decreases with
growing N suggests the critical c⇤ will go down as one
extrapolates N ! 1. We’ll combine these somewhat
redundant plots in some appropriate way later.

Reference/discuss Roman’s work where he found P(�)
not very dependent on N for N = 24, 32, 40 and needing
to go to N = 128 to see the vanishing of the distribution.

In Fig. 4 we show the smallest value of the eigenvalue
distribution P(�) as a function of c. P(�) is reduced
linearly with c until it begins to turn over as P(�) ! 0.
A linear extrapolation of the smaller c values leads to an

estimate of the critical coupling c⇤ ⇠ 0.18± 0.01.
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to go to N = 128 to see the vanishing of the distribution.
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distribution P(�) as a function of c. P(�) is reduced
linearly with c until it begins to turn over as P(�) ! 0.
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logarithmic scale

formation of disjoint concentric disk and annulus.  
For small c, the radial eigenvalue density is non-zero  
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Figure 3. Zoom-in of the eigenvalue distribution P(�) in the
region of the ring-annulus gap. For small c the distribution
is independent of matrix size N , but for larger c the value in
the gap decreases with N .
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Figure 4. Plot of the minimum value of the eigenvalue dis-
tribution P(�) in a window between the disk and annulus.
The minimum value goes to zero at c⇤ ⇠ 0.22± 0.02. Assum-
ing the gap onsets linearly at the critical value c⇤ yields an
estimate for the position of the transition to a ring+annulus
phase c̃⇤ ⇠ 0.18± 0.02.

APPENDIX A: NORMAL MATRICES AND
THEIR SINGULAR VALUES

An N ⇥N normal matrix � commutes with its hermi-
tian adjoint [�,�†] = 0, from which it follows that it is
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Figure 5. Plot of the size of the gap � of the eigenvalue
density in the region between disk and annulus. The gap is
defined by counting the number of bins whose density of states
is less than some threshold t and multiplying by the bin width.
This way of looking at the data suggests c⇤ ⇠ 0.25±0.02. Go
back and eliminate the data that have higher hHi.
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a a change of behavior at c ⇠ 0.20. Note we see evidence of
‘clumping’ of the data (as we also saw in P(�) histograms.
Should we only include data with the lower hHi?

diagonalizable by a unitary matrix U :

� = U
†
ZU , Z = diag(z1, z2, . . . , zn), (43)

where zi are the N complex eigenvalues of �. Thus,

�
†
� = U

† diag(|z1|2, |z2|2, . . . , |zN |2) U (44)

almost

finite size (N) effects: the radial density decreases with N for c in the range
<latexit sha1_base64="5ZyFvcUFuV4DNeUoDoRkMqcnkD8=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEV0Om1Muy6MZlBXuBdiiZNNOGJpkhyQhl6MqNr+LGhSJufQZ3vo1pO6C2/hD4+M85nJw/TDjTBqEvZ2l5ZXVtvbBR3Nza3tl19/YbOk4VoXUS81i1QqwpZ5LWDTOcthJFsQg5bYbD60m9eU+VZrG8M6OEBgL3JYsYwcZaXfcIef4Z7HCqtWYCkh9EXhl13RLy0FRwEfwcSiBXret+dnoxSQWVhnCsddtHiQkyrAwjnI6LnVTTBJMh7tO2RYkF1UE2PWMMT6zTg1Gs7JMGTt3fExkWWo9EaDsFNgM9X5uY/9XaqYkug4zJJDVUktmiKOXQxHCSCewxRYnhIwuYKGb/CskAK0yMTa5oQ/DnT16ERtnzz73KbaVUvcrjKIBDcAxOgQ8uQBXcgBqoAwIewBN4Aa/Oo/PsvDnvs9YlJ585AH/kfHwDC/KW9Q==</latexit>
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Figure 3. Zoom-in of the eigenvalue distribution P(�) in the
region of the ring-annulus gap. For small c the distribution
is independent of matrix size N , but for larger c the value in
the gap decreases with N .
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The minimum value goes to zero at c⇤ ⇠ 0.22± 0.02. Assum-
ing the gap onsets linearly at the critical value c⇤ yields an
estimate for the position of the transition to a ring+annulus
phase c̃⇤ ⇠ 0.18± 0.02.
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THEIR SINGULAR VALUES
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Figure 5. Plot of the size of the gap � of the eigenvalue
density in the region between disk and annulus. The gap is
defined by counting the number of bins whose density of states
is less than some threshold t and multiplying by the bin width.
This way of looking at the data suggests c⇤ ⇠ 0.25±0.02. Go
back and eliminate the data that have higher hHi.

0.1 0.2 0.3 0.4
c

0.45

0.5

0.55

<
H

>
 /
 N

2

N=16 A
N=24 A
N=24 B
N=24 C
N=32 A

m
2
=16   g=-16   U=3

initbox -3,-3,+3,+3   ∆=5

Figure 6. Average energy hHi as a function of c. There is
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diagonalizable by a unitary matrix U :

� = U
†
ZU , Z = diag(z1, z2, . . . , zn), (43)

where zi are the N complex eigenvalues of �. Thus,

�
†
� = U

† diag(|z1|2, |z2|2, . . . , |zN |2) U (44)
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<latexit sha1_base64="13bB+uV7O1znoLwWjsXG8NiGdQw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JIUY9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHljvvFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/j9Y2N</latexit>c⇤ is rather small. The SRT is fragile with respect to this flow
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ing the gap onsets linearly at the critical value c⇤ yields an
estimate for the position of the transition to a ring+annulus
phase c̃⇤ ⇠ 0.18± 0.02.
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density in the region between disk and annulus. The gap is
defined by counting the number of bins whose density of states
is less than some threshold t and multiplying by the bin width.
This way of looking at the data suggests c⇤ ⇠ 0.25±0.02. Go
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Figure 6. Average energy hHi as a function of c. There is
a a change of behavior at c ⇠ 0.20. Note we see evidence of
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diagonalizable by a unitary matrix U :

� = U
†
ZU , Z = diag(z1, z2, . . . , zn), (43)

where zi are the N complex eigenvalues of �. Thus,

�
†
� = U

† diag(|z1|2, |z2|2, . . . , |zN |2) U (44)

not easy to pin-point numerically

starts decreasing linearly with c, then curves upward



The Gas of Singular Values in the Flow Model

<latexit sha1_base64="OLGKSZ2O1y3awGA58/M3+5v7on0="></latexit>

tr[�,�†]2 = 2tr[(�†�)2 � �2�†2] = 2tr(⇤4 � ⇤2W †⇤2W )

<latexit sha1_base64="Vl32kZsBzOiMrG1mj8M9sO1QuRw="></latexit>

tr
⇣
V (�†�) +

c

4
[�,�†]2

⌘
=

NX

i=1

⇣
V (�2

i ) +
c

2
�4
i

⌘
� c

2
tr(⇤2W †⇤2W )

<latexit sha1_base64="ed6Vd0r/8/oaLkT65dElY2Kvr18="></latexit>

� = U⇤V , ⇤ = diag(�1, . . . ,�N ) , W = V U

<latexit sha1_base64="lP+ssg1edXEGA3ro4O8mhfSjqIg="></latexit>

Pc(�,�
†) =

1

Zc
e�Ntr(V (�†�)+ c

4 [�,�
†]2)

(A second topic not directly related to fragility of the SRT under the flow)



<latexit sha1_base64="QO5Kd6Mj1455YCe5thuixkG+oLs="></latexit>

Zc =

Z
d�d�†e�Ntr(V (�†�)+ c

4 [�,�
†]2)

integration measure (in `polar coordinates’) 
<latexit sha1_base64="wAw00X5KIdfwrpYaGgAY9onZp4A="></latexit>

d�d�† =
Y

i↵

dRe(�i↵) dIm(�i↵) = dµ(U)dµ(V )�2(⇤2)
Y

k

�kd�k

<latexit sha1_base64="UeN/oLKkWrX0wKhm5oZdi8Q27ok=">AAAB+3icbZDNSsNAFIVv6l+tf7Eu3QwWoQUpiRR1WXTjsoKphTaUyWTSDp1MwsxELKWv4saFIm59EXe+jdM2C209MPBx7r3cOydIOVPacb6twtr6xuZWcbu0s7u3f2AfltsqySShHkl4IjsBVpQzQT3NNKedVFIcB5w+BKObWf3hkUrFEnGvxyn1YzwQLGIEa2P17XLYizNU9WpnaEHtWt+uOHVnLrQKbg4VyNXq21+9MCFZTIUmHCvVdZ1U+xMsNSOcTku9TNEUkxEe0K5BgWOq/Mn89ik6NU6IokSaJzSau78nJjhWahwHpjPGeqiWazPzv1o309GVP2EizTQVZLEoyjjSCZoFgUImKdF8bAATycytiAyxxESbuEomBHf5y6vQPq+7F/XGXaPSvM7jKMIxnEAVXLiEJtxCCzwg8ATP8Apv1tR6sd6tj0VrwcpnjuCPrM8fDn+ShQ==</latexit>

dµ(U), dµ(V )Haar measure over unitary group

Vandermonde determinant
<latexit sha1_base64="yLzD86zYwmyKjDHe8CxSSF8sl/Y="></latexit>

�(⇤2) =
Y

i>j

(�2
i � �2

j )

(suppressed division by the volume of                          )   
<latexit sha1_base64="dTbWhBE0U6QvYa/oOMRURQZAStU=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFqJuSlKJuhKIbV1LBtIU2lsl00g6dXJiZKCX2Udy4UMStT+LOt3HaZqGtPwx8/OcczpnfizmTyrK+jdzK6tr6Rn6zsLW9s7tnFvebMkoEoQ6JeCTaHpaUs5A6iilO27GgOPA4bXmjq2m99UCFZFF4p8YxdQM8CJnPCFba6plFp2yf3N+gC1SudmOmsWeWrIo1E1oGO4MSZGr0zK9uPyJJQENFOJayY1uxclMsFCOcTgrdRNIYkxEe0I7GEAdUuuns9Ak61k4f+ZHQL1Ro5v6eSHEg5TjwdGeA1VAu1qbmf7VOovxzN2VhnCgakvkiP+FIRWiaA+ozQYniYw2YCKZvRWSIBSZKp1XQIdiLX16GZrVin1Zqt7VS/TKLIw+HcARlsOEM6nANDXCAwCM8wyu8GU/Gi/FufMxbc0Y2cwB/ZHz+AMLOkcI=</latexit>

U(1)N = (2⇡)N

<latexit sha1_base64="wai+FkRdRWAs+BAz9TSw36xQ+i0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6LblxWsA9oQphMJu3QySTOTIRa+iVuXCji1k9x5984bbPQ1gMDh3PO5d45YcaZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUWkuCW2TlKeyF2JFORO0rZnmtJdJipOQ0244upn53UcqFUvFvR5n1E/wQLCYEayNFNhVj5twhIORN6APyAnsmlN35kCrxC1IDQq0AvvLi1KSJ1RowrFSfdfJtD/BUjPC6bTi5YpmmIzwgPYNFTihyp/MD5+iU6NEKE6leUKjufp7YoITpcZJaJIJ1kO17M3E/7x+ruMrf8JElmsqyGJRnHOkUzRrAUVMUqL52BBMJDO3IjLEEhNtuqqYEtzlL6+Sznndvag37hq15nVRRxmO4QTOwIVLaMIttKANBHJ4hld4s56sF+vd+lhES1YxcwR/YH3+ABdikro=</latexit>

�k � 0(recall also that              )

homogeneity of the Haar measure
<latexit sha1_base64="m8kjUUXOlDm5g9vcxFVFwE4xRQw=">AAACBXicbZDNSgMxFIUz/tb6N+pSF8EitJsyI0XdCEU3Lis4baEdSiaTaUOTzJBkhDJ048ZXceNCEbe+gzvfxrQdRFsPBD7OvZebe4KEUaUd58taWl5ZXVsvbBQ3t7Z3du29/aaKU4mJh2MWy3aAFGFUEE9TzUg7kQTxgJFWMLye1Fv3RCoaizs9SojPUV/QiGKkjdWzj8IuT8vNCryEM/J+sFXp2SWn6kwFF8HNoQRyNXr2ZzeMccqJ0JghpTquk2g/Q1JTzMi42E0VSRAeoj7pGBSIE+Vn0yvG8MQ4IYxiaZ7QcOr+nsgQV2rEA9PJkR6o+drE/K/WSXV04WdUJKkmAs8WRSmDOoaTSGBIJcGajQwgLKn5K8QDJBHWJriiCcGdP3kRmqdV96xau62V6ld5HAVwCI5BGbjgHNTBDWgAD2DwAJ7AC3i1Hq1n6816n7UuWfnMAfgj6+MbZumV9w==</latexit>

dµ(V ) = dµ(V U) = dµ(W )

<latexit sha1_base64="KZ0Zrjc0X85aaUDwK/JZirnZEQ0=">AAACFnicbVDLSgMxFM34rPVVdekmWIR2YZmRom6EohuXFewDOqVkMnfa0GRmSDJCKf0KN/6KGxeKuBV3/o2ZdgRtPRByOOde7r3HizlT2ra/rKXlldW19dxGfnNre2e3sLffVFEiKTRoxCPZ9ogCzkJoaKY5tGMJRHgcWt7wOvVb9yAVi8I7PYqhK0g/ZAGjRBupVzhx9QAkBJEE7GNXJKVGGfvp3yzjyxn7UVrlXqFoV+wp8CJxMlJEGeq9wqfrRzQREGrKiVIdx451d0ykZpTDJO8mCmJCh6QPHUNDIkB1x9OzJvjYKD42q5kXajxVf3eMiVBqJDxTKYgeqHkvFf/zOokOLrpjFsaJhpDOBgUJxzrCaUbYZxKo5iNDCJXM7IrpgEhCtUkyb0Jw5k9eJM3TinNWqd5Wi7WrLI4cOkRHqIQcdI5q6AbVUQNR9ICe0At6tR6tZ+vNep+VLllZzwH6A+vjG/VAnLY=</latexit>

) dµ(U)dµ(V ) = dµ(U)dµ(W )



<latexit sha1_base64="yQf4ae2WXYHxdeeIJrhLJbDN51Y="></latexit>Z

U(N)
dµ(W )etr(AW †BW ) = const.

detijeaibj

�(A)�(B)

—————————

generic IZ integral <latexit sha1_base64="WHC67QiVvUcOoArzawtqV1F2NHY="></latexit>

A = diag(a1, a2, . . . , aN ) , B = diag(b1, b2, . . . , bN )

the last integral is an Itzykson-Zuber integral:

obtain

where       is a normalization constant independent of       

<latexit sha1_base64="yAzf8UuM13TtxiSkf/5l/yENEks="></latexit>Z

U(N)
dµ(W )eN

c
2 tr(⇤

2W †⇤2W ) =
C 0

cN(N�1)/2

detije
N c

2�
2
i�

2
j

�2(⇤2)

<latexit sha1_base64="JrO6JwmsUkv7FgcGviZalzHBZD4=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEciF49o5JHAhswOvTBhdnYzM2tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoJRbea3nlBpHstHM07Qj+hA8pAzaqz0UDvvFUtu2Z2DrBIvIyXIUO8Vv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7G3S5wqZEWNLKFPc3krYkCrKjA2nYEPwll9eJc3LsndVrtxXStXbLI48nMApXIAH11CFO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH5Fo0B</latexit>

C 0 <latexit sha1_base64="89J+JuC5FxMnvUsR7pwslvrJLdI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyVOM8A==</latexit>c making sure that in the limit <latexit sha1_base64="CWlhD7ylzIYl2Xf5VN9+4+9z2vA=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCK5kdZmHC7M5mpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD25nffOLaCBU/4DjhfkT7sQgFo2ilR9bRoj9AqrUaEbdbLLlldw6ySryMlCBDrVv86vQUSyMeI5PUmLbnJuhPqEbBJJ8WOqnhCWVD2udtS2MaceNP5ldPyZlVeiRU2laMZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ47U9EnKTIY7ZYFKaSoCKzCEhPaM5Qji2hTAt7K2EDqilDG1TBhuAtv7xKGhdl77Jcua+UqjdZHHk4gVM4Bw+uoAp3UIM6MNDwDK/w5oycF+fd+Vi05pxs5hj+wPn8AVJykmc=</latexit>

c ! 0
<latexit sha1_base64="dSaikKqEqVH1gLW1UDtEMkMgwis=">AAACA3icbVBNS8NAEN3Ur1q/ot70sliE9lISKeqx6MWTVDBtoQlls920Szcf7E6EEgpe/CtePCji1T/hzX/jts1BWx8MPN6bYWaenwiuwLK+jcLK6tr6RnGztLW9s7tn7h+0VJxKyhwai1h2fKKY4BFzgINgnUQyEvqCtf3R9dRvPzCpeBzdwzhhXkgGEQ84JaClnnmUuTLErVhMXMECqDiV26or+WAI1Z5ZtmrWDHiZ2DkpoxzNnvnl9mOahiwCKohSXdtKwMuIBE4Fm5TcVLGE0BEZsK6mEQmZ8rLZDxN8qpU+DmKpKwI8U39PZCRUahz6ujMkMFSL3lT8z+umEFx6GY+SFFhE54uCVGCI8TQQ3OeSURBjTQiVXN+K6ZBIQkHHVtIh2IsvL5PWWc0+r9Xv6uXGVR5HER2jE1RBNrpADXSDmshBFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gDWlJcC</latexit>

Vol (U(N))the IZ integral reproduces

Putting everything together, the Vandermondes in the denominator knock out those in the denominator, ending up with  

a combined constant 
<latexit sha1_base64="kMkaxDUttUN+bb+HW7VFjcB+Wq0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrulqMdiL56kgv2Adi3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut7O2vrG5tV3YKe7u7R8clo6O2zpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek0bmd56o0iySD2YaU1/gkWQhI9hkUvXxrjEold2KOwdaJV5OypCjOSh99YcRSQSVhnCsdc9zY+OnWBlGOJ0V+4mmMSYTPKI9SyUWVPvp/NYZOrfKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8RRtCN7yy6ukXa14l5Xafa1cv8njKMApnMEFeHAFdbiFJrSAwBie4RXeHOG8OO/Ox6J1zclnTuAPnM8fWbuNzA==</latexit>

2NC

<latexit sha1_base64="qaMw6ULEU3a3Af5UEL+SiitbbtQ="></latexit>

Zc = Vol

✓
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<latexit sha1_base64="hTu5gPonopMzz41fErPsaPCLajA="></latexit>
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c
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change of variables
<latexit sha1_base64="zf0/HyyH7AE+EgooymwtrWLG1PI=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlKUTdC0Y3LCvYBbQyTyaQdOnkwM1FL7Ke4caGIW7/EnX/jtM1CWw8MHM45l3vneAlnUlnWt1FYWV1b3yhulra2d3b3zPJ+W8apILRFYh6Lrocl5SyiLcUUp91EUBx6nHa80dXU79xTIVkc3apxQp0QDyIWMIKVllyz3Oc67GOX3dXQBXp0mWtWrKo1A1omdk4qkKPpml99PyZpSCNFOJayZ1uJcjIsFCOcTkr9VNIEkxEe0J6mEQ6pdLLZ6RN0rBUfBbHQL1Jopv6eyHAo5Tj0dDLEaigXvan4n9dLVXDuZCxKUkUjMl8UpBypGE17QD4TlCg+1gQTwfStiAyxwETptkq6BHvxy8ukXavap9X6Tb3SuMzrKMIhHMEJ2HAGDbiGJrSAwAM8wyu8GU/Gi/FufMyjBSOfOYA/MD5/AP6QkzA=</latexit>

�2
i = xi

<latexit sha1_base64="LlC1d130x/FTOWVVawwhEV6eFOw="></latexit>

) Zc =
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i ) detije
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<latexit sha1_base64="DDS+WnLuQvVVFEF77eoPCXvPPXU="></latexit>

=
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P
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⇣
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Nc
4 (xi�xj)
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<latexit sha1_base64="/Bwo0tRGAeIv0Bezyr3zmB4/jv0="></latexit>
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dxkdetij
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Nc
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⌘



Non-interacting Fermi Gas on the Positive Half-Line

anti-symmetrized N-position ket (similarly for bra)

diagonal matrix element of the density matrix of N-noninteracting fermions on the positive half-line

<latexit sha1_base64="e8JZ1rdKBzjHZHgEVA5IcEKCezE="></latexit>

hxi|e��ĥeff |xji = e�
N
2 V (xi)e�

Nc
4 (xi�xj)

2

e�
N
2 V (xj) effective one-particle hamiltonian (later explicit example)

<latexit sha1_base64="qDFU/DL5F6Tn3X9lYcmWJSiCDRU="></latexit>

|x1, x2, . . . , xN iA =
1p
N !

X

�2SN

(�1)�|x�(1), x�(2), . . . , x�(N)i

<latexit sha1_base64="hLN+gGHYs8AEwmBNGfHAOMhOD+I="></latexit>

detij
⇣
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N
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⌘
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e��ĥeff (k)|x1, x2, . . . , xN iA



Two Common Heat Kernels on the Half-Line

our kernel is an even mixture of the two:

Dirichlet b.c. at the origin (sum over all random walkers which avoid the origin)
<latexit sha1_base64="eiQC9kfg1lD72WmKrgWFDVsdUOg="></latexit>

GD(x, y; t) = hx|e�tp̂2
D |yi = 1p

4⇡t

✓
e�

(x�y)2

4t � e�
(x+y)2

4t

◆

Neumann b.c. at the origin (sum over all random walkers which are reflected back at the origin)
<latexit sha1_base64="muI3Oz9PAdDeYdnN/8+2x04dIn8="></latexit>

GN (x, y; t) = hx|e�tp̂2
N |yi = 1p

4⇡t

✓
e�

(x�y)2

4t + e�
(x+y)2

4t

◆

<latexit sha1_base64="cVyENteFXpcMw53VY+p1QrCwRyY="></latexit>

GDN (x, y; t) =
1

2
(GD(x, y; t) +GN (x, y; t)) =

1p
4⇡t

e�
(x�y)2

4t

Our density matrix describes a mixture of Dirichlet and Neumann particles. There are two effective  
one-particle hamiltonians: 

<latexit sha1_base64="DPhjdUPPHuHHAfCSeyP7hipSVPk=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFclJJIUZdFXbiSCvYBTQyT6aQdOnkwMxFK6NaNv+LGhSJu/QN3/o3TNgvbeuDC4Zx7ufceP+FMKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KeNUENogMY9F28eSchbRhmKK03YiKA59Tlv+4Grstx6pkCyO7tUwoW6IexELGMFKS56JnD5WqO9lNAhGD9dOuTyr3HpmyapYE6BFYuekBDnqnvntdGOShjRShGMpO7aVKDfDQjHC6ajopJImmAxwj3Y0jXBIpZtNPhmhY610URALXZFCE/XvRIZDKYehrztDrPpy3huL/3mdVAUXbsaiJFU0ItNFQcqRitE4FtRlghLFh5pgIpi+FZE+FpgoHV5Rh2DPv7xImqcV+6xSvauWapd5HAU4hCM4ARvOoQY3UIcGEHiCF3iDd+PZeDU+jM9p65KRzxzADIyvXzZSmWg=</latexit>

ĥD
eff , ĥ

N
eff



In summary: work with the non-interacting N-fermion system, subjected to the parity symmetric one-particle hamiltonian  

after a little bit of thinking we see that we can simplify the problem by extending it to the full line in a symmetric way:
<latexit sha1_base64="c8xlmhp0zUsUSULqm9XU/QGZK4k=">AAACCXicbZDNSsNAFIUn/tb6F3XpZrAI7cKSSFE3QtGNywo2LbQhTKaTdugkE2Ym2hK6deOruHGhiFvfwJ1v4zTNQlsPDHycey937vFjRqWyrG9jaXlldW29sFHc3Nre2TX39h3JE4FJE3PGRdtHkjAakaaiipF2LAgKfUZa/vB6Wm/dEyEpj+7UOCZuiPoRDShGSlueCZ3yqNIVtD9QSAj+AB1PagdeZnAyqnhmyapameAi2DmUQK6GZ351exwnIYkUZkjKjm3Fyk2RUBQzMil2E0lihIeoTzoaIxQS6abZJRN4rJ0eDLjQL1Iwc39PpCiUchz6ujNEaiDna1Pzv1onUcGFm9IoThSJ8GxRkDCoOJzGAntUEKzYWAPCguq/QjxAAmGlwyvqEOz5kxfBOa3aZ9Xaba1Uv8rjKIBDcATKwAbnoA5uQAM0AQaP4Bm8gjfjyXgx3o2PWeuSkc8cgD8yPn8Ap42YZA==</latexit>

V (x) ! Vs(x) = Vs(�x)

which would lead to a parity-symmetric effective one-particle effective hamiltonian  defined by
<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs

<latexit sha1_base64="2MhURCToZ6IwVgzlELzg0SSC8Yk=">AAACdXicbVFNa9tAEF0p/Ujcj7jJJVAK27gt6aGOZEKTSyG0l55CCrUTsBwxWo/sJauV2B2VGEX/IL+ut/yNXHrt+oOQ2h1YeLw3b2f3TVIoaSkIbj1/7dHjJ0/XNxrPnr94udl8tdWzeWkEdkWucnOegEUlNXZJksLzwiBkicKz5PLbVD/7hcbKXP+kSYGDDEZaplIAOSpu3kQK9Eghv7rmeFF9ihIk4NEYiI9jW19PIjPXv/ DlztSAqMK66tQnvBfbvZnp6mO9fE9x0alXHA8N90PiZitoB7PiqyBcgBZb1Gnc/B0Nc1FmqEkosLYfBgUNKjAkhcK6EZUWCxCXMMK+gxoytINqllrN3ztmyNPcuKOJz9iHjgoyaydZ4jozoLFd1qbk/7R+SenRoJK6KAm1mA9KS8Up59MV8KE0KEhNHABhpHsrF2Nw2ZBbVMOFEC5/eRX0Ou3wc/vgx0Hr+OsijnX2mu2yPRayQ3bMvrNT1mWC3Xk73ltv1/vjv/Hf+R/mrb638Gyzf8rf/wtW8L2s</latexit>

hx|e��ĥs |yi = hx|e� 1
2NVs(x̂)e��p̂2

e�
1
2NVs(x̂)|yi

<latexit sha1_base64="DPhjdUPPHuHHAfCSeyP7hipSVPk=">AAACCXicbVDLSsNAFL3xWesr6tLNYBFclJJIUZdFXbiSCvYBTQyT6aQdOnkwMxFK6NaNv+LGhSJu/QN3/o3TNgvbeuDC4Zx7ufceP+FMKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KeNUENogMY9F28eSchbRhmKK03YiKA59Tlv+4Grstx6pkCyO7tUwoW6IexELGMFKS56JnD5WqO9lNAhGD9dOuTyr3HpmyapYE6BFYuekBDnqnvntdGOShjRShGMpO7aVKDfDQjHC6ajopJImmAxwj3Y0jXBIpZtNPhmhY610URALXZFCE/XvRIZDKYehrztDrPpy3huL/3mdVAUXbsaiJFU0ItNFQcqRitE4FtRlghLFh5pgIpi+FZE+FpgoHV5Rh2DPv7xImqcV+6xSvauWapd5HAU4hCM4ARvOoQY3UIcGEHiCF3iDd+PZeDU+jM9p65KRzxzADIyvXzZSmWg=</latexit>

ĥD
eff , ĥ

N
eff

and its eigenfunctions are of definite parity.

The effective Dirichlet and Neumann hamiltonians                   are simply projections of      , respectively 
to its odd and even parity sectors (followed by restriction to the positive half-line)   

<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs

<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs

compute the diagonal matrix element of the N-fermion density matrix, and restrict to the positive half-line, normalization factor

to ensure proper normalization  

Explicit computation of           in the general case is impossible, but in one case there is explicit construction.
<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs



<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs

Change of Level Statistics among Singular Values under the Flow

in order to demonstrate this phenomenon, the explicit form of          is not required.

in order to make the point it is enough to consider level statistics at the two endpoints of the flow:
<latexit sha1_base64="MOqu3lI4fi4uRGdVCGm6silXALs=">AAACBHicbVDLSsNAFJ34rPUVddnNYFFclUSKuhGKblxWsA9oSplMJ+3QySTM3CghtODGX3HjQhG3foQ7/8bpY6GtBy4czrmXe+/xY8E1OM63tbS8srq2ntvIb25t7+zae/t1HSWKshqNRKSaPtFMcMlqwEGwZqwYCX3BGv7geuw37pnSPJJ3kMasHZKe5AGnBIzUsQv00hlh7xiPqKd4rw9EqejB4zKAtGMXnZIzAV4k7owU0QzVjv3ldSOahEwCFUTrluvE0M6IAk4FG+a9RLOY0AHpsZahkoRMt7PJE0N8ZJQuDiJlSgKeqL8nMhJqnYa+6QwJ9PW8Nxb/81oJBBftjMs4ASbpdFGQCAwRHieCu1wxCiI1hFDFza2Y9okiFExueROCO//yIqmfltyzUvm2XKxczeLIoQI6RCfIReeogm5QFdUQRY/oGb2iN+vJerHerY9p65I1mzlAf2B9/gA5Epfe</latexit>

c = 0 & c ! 1

at <latexit sha1_base64="CdOgh+F5bKAoeA+WO5a0kFyKEcM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHti12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AuWONcQ==</latexit>

c = 0 there is no commutator term, no Itzykson-Zuber integral

<latexit sha1_base64="phnIcXY7C0GiZCNPvA4/sPZ2EtU="></latexit>

Z0 = Vol

✓
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<latexit sha1_base64="DpRJ3tFuKJuBW2G+1tlB/WZ/sm0=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiCZQSHYJURsNUQtLTOSRwLKZnR1gYHZnMzNrIBt+wMZfsbHQGFt7O//G4VEoeJKbnJxzb+69xw0Zlco0v43E0vLK6lpyPbWxubW9k97dq0oeCUwqmDMu6i6ShNGAVBRVjNRDQZDvMlJz+9djv/ZAhKQ8uFfDkNg+6gS0TTFSWnLSR80bwhRqFbL1HLyAzVBwz4npZW+UHTj0ZOD0cq2Ck86YeXMCuEisGcmAGcpO+qvpcRz5JFCYISkblhkqO0ZCUczIKNWMJAkR7qMOaWgaIJ9IO558M4LHWvFgmwtdgYIT9fdEjHwph76rO32kunLeG4v/eY1Itc/tmAZhpEiAp4vaEYOKw3E00KOCYMWGmiAsqL4V4i4SCCsdYEqHYM2/vEiqhbx1mi/eFTOlq1kcSXAADkEWWOAMlMAtKIMKwOARPINX8GY8GS/Gu/ExbU0Ys5l98AfG5w/E4Zog</latexit>

�2(X) =
Y

i>j

(xi � xj)
2

familiar from RMT of complex-hermitian matrices (Dyson index            )
<latexit sha1_base64="emG3rwe4YwqARKB+aOWcUpAsfhE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+G7mt5+4NiJWjzhJuB/RoRKhYBSt1O4FHOlNtV8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95lpfZQK9dv8zgKcApncAEeXEEd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w+9Fo8w</latexit>

� = 2

the probability density to find two coinciding
<latexit sha1_base64="gGtUvNEjVT+LOx1zE4V9AZMrZuE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ6KokU9Vj04rGCaQttKJvtpl262YTdiVhCf4MXD4p49Qd589+4/Tho64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4O/Gbj1wbkagHHKU8iGlfiUgwilbyn7rizHRLZbfiTkGWiTcnZZij3i19dXoJy2KukElqTNtzUwxyqlEwycfFTmZ4StmQ9nnbUkVjboJ8euyYnFqlR6JE21JIpurviZzGxozi0HbGFAdm0ZuI/3ntDKPrIBcqzZArNlsUZZJgQiafk57QnKEcWUKZFvZWwgZUU4Y2n6INwVt8eZk0LireZaV6Xy3XbuZxFOAYTuAcPLiCGtxBHXxgIOAZXuHNUc6L8+58zFpXnPnMEfyB8/kDmW6Ojw==</latexit>

x0
is

so that the probability of having very small nearest-neighbor spacing     vanishes like

clearly vanishes.
The system has Wigner-Dyson level statistics of    type, which means, in particular that the  repel each other            

<latexit sha1_base64="emG3rwe4YwqARKB+aOWcUpAsfhE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6kUoevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+G7mt5+4NiJWjzhJuB/RoRKhYBSt1O4FHOlNtV8quxV3DrJKvJyUIUejX/rqDWKWRlwhk9SYrucm6GdUo2CST4u91PCEsjEd8q6likbc+Nn83Ck5t8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CRRuCt/zyKmlVK95lpfZQK9dv8zgKcApncAEeXEEd7qEBTWAwhmd4hTcncV6cd+dj0brm5DMn8AfO5w+9Fo8w</latexit>

� = 2
<latexit sha1_base64="gGtUvNEjVT+LOx1zE4V9AZMrZuE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ6KokU9Vj04rGCaQttKJvtpl262YTdiVhCf4MXD4p49Qd589+4/Tho64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4O/Gbj1wbkagHHKU8iGlfiUgwilbyn7rizHRLZbfiTkGWiTcnZZij3i19dXoJy2KukElqTNtzUwxyqlEwycfFTmZ4StmQ9nnbUkVjboJ8euyYnFqlR6JE21JIpurviZzGxozi0HbGFAdm0ZuI/3ntDKPrIBcqzZArNlsUZZJgQiafk57QnKEcWUKZFvZWwgZUU4Y2n6INwVt8eZk0LireZaV6Xy3XbuZxFOAYTuAcPLiCGtxBHXxgIOAZXuHNUc6L8+58zFpXnPnMEfyB8/kDmW6Ojw==</latexit>

x0
is

<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s
<latexit sha1_base64="2hO8BmWD+oYztYx7ZR3bpevhamI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyWol6EohePFWwtbLclm2bb0GyyJLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0JimOCStYCDYJ1EMxKHgj2G49uZ//jEtOFKPsAkYUFMhpJHnBKwkm963ZABuTa9Wr9ccavuHHiVeDmpoBzNfvmrO1A0jZkEKogxvucmEGREA6eCTUvd1LCE0DEZMt9SSWJmgmx+8hSfWWWAI6VtScBz9fdERmJjJnFoO2MCI7PszcT/PD+F6CrIuExSYJIuFkWpwKDw7H884JpREBNLCNXc3orpiGhCwaZUsiF4yy+vknat6l1U6/f1SuMmj6OITtApOkceukQNdIeaqIUoUugZvaI3B5wX5935WLQWnHzmGP2B8/kD2BGQ+g==</latexit>

s� = s2



as <latexit sha1_base64="kqmeCclOgC2UVri1x7XC0zGNeks=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTtQQ+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jeQ5YwPyIjyUNOCRhpYFepp/hoDESp+NHjMoRsYNecujMHXiVuQWqoQGtgf3nDmKYRk0AF0brvOgn4OVHAqWDTipdqlhA6ISPWN1SSiGk/n98+xadGGeIwVqYk4Ln6eyInkdZZFJjOiMBYL3sz8T+vn0J45edcJikwSReLwlRgiPEsCDzkilEQmSGEKm5uxXRMFKFg4qqYENzll1dJ57zuXtQbd41a87qIo4yO0Qk6Qy66RE10i1qojSh6Qs/oFb1ZU+vFerc+Fq0lq5g5Qn9gff4A0paU9g==</latexit>

c ! 1 in

<latexit sha1_base64="te1aTCjIEf7Yg+lcPOiyfZtwhqQ="></latexit>
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C
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we see that in order to be correlated, any two particles have to be within a very small distance
<latexit sha1_base64="SkxHYcNYGdQsMPhn7n1ezz0s56g=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVAmqgLGChQkViT6kJooc12lN7STYDmqVZmXhV1gYQIiVP2Djb3DbDNBypCsdnXOv7r3HjxmVyrK+jYXFpeWV1cJacX1jc2vb3NltyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNPvX4795gMRkkbhrRrGxOWoG9KAYqS05JlwNPDo8cC7GzmScicQCKd2ljryXqj0GmeZZ5assjUBnCd2TkogR80zv5xOhBNOQoUZkrJtW7FyUyQUxYxkRSeRJEa4j7qkrWmIOJFuOvkkg4da6cAgErpCBSfq74kUcSmH3NedHKmenPXG4n9eO1HBuZvSME4UCfF0UZAwqCI4jgV2qCBYsaEmCAuqb4W4h3QaSodX1CHYsy/Pk8ZJ2T4tV24qpepFHkcB7IMDcARscAaq4ArUQB1g8AiewSt4M56MF+Pd+Ji2Lhj5zB74A+PzB/Rumyc=</latexit>

|xi � xj | ⇠
1p
Nc

on this very short distance scale, they repel: because of the determinant, the probability of having two particles at the 
same point vanishes.  

that two particles get this close is a rare event, and the N particles will almost always be father away, and therefore  
uncorrelated.

the nearest-neighbor spacing distribution of strictly uncorrelated particles is Poissonian <latexit sha1_base64="F+XvHSlnCSZA5v5puY/sglaAfCM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQD5ZdKepFKHrxWMF+wHYt2XTahmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiaLQoJJL1Q6JBs4ENAwzHNqxAhKFHFrh6Hbqt55AaSbFgxnHEERkIFifUWKs5NfL+vQaHtMzPekWS27FnQEvEy8jJZSh3i1+dXqSJhEIQznR2vfc2AQpUYZRDpNCJ9EQEzoiA/AtFSQCHaSzkyf4xCo93JfKljB4pv6eSEmk9TgKbWdEzFAvelPxP89PTP8qSJmIEwOCzhf1E46NxNP/cY8poIaPLSFUMXsrpkOiCDU2pYINwVt8eZk0zyveRaV6Xy3VbrI48ugIHaMy8tAlqqE7VEcNRJFEz+gVvTnGeXHenY95a87JZg7RHzifP0X+kJ0=</latexit>

P (s) = e�s



a concrete construction of 
<latexit sha1_base64="TC1gHAknmOuP7Az9EDhvrIJLkag=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m2bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlQgFo2ilTi+iSKK+6ZcrbtWdg6wSLycVyNHol796g4RlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeddSRWNu/Mn83ik5s8qAhIm2pZDM1d8TExobM44D2xlTjMyyNxP/87oZhtf+RKg0Q67YYlGYSYIJmT1PBkJzhnJsCWVa2FsJi6imDG1EJRuCt/zyKmldVL3Lau2+Vqnf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+4fI/G</latexit>

ĥs

<latexit sha1_base64="81WFJJrgakDaTXEuXYKsiPXaQSs=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARqouSlKJuhKIblxXsBZq0TCaTduhkEmYmQgl9Bze+ihsXirh14863cdJmoa0/DHz85xzOnN+LGZXKsr6Nwsrq2vpGcbO0tb2zu2fuH7RllAhMWjhikeh6SBJGOWkpqhjpxoKg0GOk441vsnrngQhJI36vJjFxQzTkNKAYKW0NzLN2xYlHtO/4aDgkIuNTeAWXzX5tYJatqjUTXAY7hzLI1RyYX44f4SQkXGGGpOzZVqzcFAlFMSPTkpNIEiM8RkPS08hRSKSbzm6awhPt+DCIhH5cwZn7eyJFoZST0NOdIVIjuVjLzP9qvUQFl25KeZwowvF8UZAwqCKYBQR9KghWbKIBYUH1XyEeIYGw0jGWdAj24snL0K5V7fNq/a5eblzncRTBETgGFWCDC9AAt6AJWgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+CPjM8fK3edGQ==</latexit>

V (�†�) = (�†�)2

<latexit sha1_base64="MRBHVrwzTCIY4vYg+eiYAgiXrOU=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLUDclKUXdCEU3LivYtNDGMJlO2qGTSZiZSEOor+LGhSJufRB3vo3TNgttPTDwce693DvHjxmVyrK+jcLa+sbmVnG7tLO7t39gHh45MkoEJm0csUh0fSQJo5y0FVWMdGNBUOgz0vHHN7N655EISSN+r9KYuCEachpQjJS2PLPsVCdn8Ao6nlzA5KHumRWrZs0FV8HOoQJytTzzqz+IcBISrjBDUvZsK1ZuhoSimJFpqZ9IEiM8RkPS08hRSKSbzY+fwlPtDGAQCf24gnP390SGQinT0NedIVIjuVybmf/VeokKLt2M8jhRhOPFoiBhUEVwlgQcUEGwYqkGhAXVt0I8QgJhpfMq6RDs5S+vglOv2ee1xl2j0rzO4yiCY3ACqsAGF6AJbkELtAEGKXgGr+DNeDJejHfjY9FaMPKZMvgj4/MHIcaShA==</latexit>

V (x) = Vs(x) = x2

<latexit sha1_base64="CMeRoMMOTUwB6F7zX+1+2GR60Ts="></latexit>
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2
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j )+
Nc
2 xixj

compare this to the Feynman propagator of the harmonic oscillator (in Euclidean time):

<latexit sha1_base64="Mfxn4Ut4NijprstOQwGHf2d78H4="></latexit>

C =

r
m!

2⇡~ sinh(�~!)

<latexit sha1_base64="jEAThAeJulIBBRFf5+jI88fhMvE="></latexit>
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✓
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2xixj
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leading to the identifications
<latexit sha1_base64="j/Rk6mHyMtm3fOoANVKoBgkliD4="></latexit>m!

~ coth(�~!) = N(1 +
c

2
) and

<latexit sha1_base64="070M/9Chn5/toCoTY9Bk8pCnKH8=">AAACJXicbVDLSgMxFM34tr6qLt0Ei1A3ZUaKulAQ3bgSBauFTil30jttMMkMSUYow/yMG3/FjQtFBFf+iulj4etA4HDOudzcE6WCG+v7H97U9Mzs3PzCYmlpeWV1rby+cWOSTDNssEQkuhmBQcEVNiy3ApupRpCRwNvo7mzo396jNjxR13aQYltCT/GYM7BO6pSPwlgDy2WYSOxBkYf9CHRouOrTahihhbEwcncLekzH+QtW5HtFp1zxa/4I9C8JJqRCJrjslF/DbsIyicoyAca0Aj+17Ry05UxgUQozgymwO+hhy1EFEk07H11Z0B2ndGmcaPeUpSP1+0QO0piBjFxSgu2b395Q/M9rZTY+bOdcpZlFxcaL4kxQm9BhZbTLNTIrBo4A09z9lbI+uBqsK7bkSgh+n/yX3OzVgv1a/apeOTmd1LFAtsg2qZKAHJATck4uSYMw8kCeyAt59R69Z+/Nex9Hp7zJzCb5Ae/zC4UApdw=</latexit>

m!

~ sinh(�~!) =
Nc

2

<latexit sha1_base64="jIJw2U6lM+PmO9VA61Kt/Jgc5sQ="></latexit>

) cosh(�~!) = 1 +
2

c
,

m!

~ = N
p
1 + c



this identification was made originally in the paper
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Unfolded spacing distribution of the squared singular values in the Flow model for the Ginibre case, N=32
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Ginibre’s model
<latexit sha1_base64="Te/3GjWMvkYylx5AIaxgEfIbo/4=">AAAB73icbVBNSwMxEJ34WetX1aOXYBHqpexKUS9C0YvHCvYD2qVk02wbms2uSVZalv4JLx4U8erf8ea/MW33oK0PBh7vzTAzz48F18ZxvtHK6tr6xmZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH95O/eYTU5pH8sGMY+aFpC95wCkxVmo1SqMzfI1H3ULRKTsz4GXiZqQIGWrdwlenF9EkZNJQQbRuu05svJQow6lgk3wn0SwmdEj6rG2pJCHTXjq7d4JPrdLDQaRsSYNn6u+JlIRaj0PfdobEDPSiNxX/89qJCa68lMs4MUzS+aIgEdhEePo87nHFqBFjSwhV3N6K6YAoQo2NKG9DcBdfXiaN87J7Ua7cV4rVmyyOHBzDCZTAhUuowh3UoA4UBDzDK7yhR/SC3tHHvHUFZTNH8Afo8wdjeY7n</latexit>

V (x) = x
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Unfolded spacing distribution of the squared singular values in the Flow model for the Ginibre case, N=2 vs theoretical prediction, M=25000000
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<latexit sha1_base64="+fttZ992VSDVigxk204iDBaqfVY=">AAACEHicbZDLSsNAFIYnXmu9RV26GSzSdtGSlKJuhGI3LivYC7RpmUwn7dDJJMxMhBLyCG58FTcuFHHr0p1v46TtQlt/GPj4zzmcOb8bMiqVZX0ba+sbm1vbmZ3s7t7+waF5dNySQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtjupp/X2AxGSBvxeTUPi+GjEqUcxUtoamPlGQRbhNex5AuG4nk9inJB+XKrIpGCXUsKyX0mKAzNnla2Z4CrYC8iBhRoD86s3DHDkE64wQ1J2bStUToyEopiRJNuLJAkRnqAR6WrkyCfSiWcHJfBcO0PoBUI/ruDM/T0RI1/Kqe/qTh+psVyupeZ/tW6kvCsnpjyMFOF4vsiLGFQBTNOBQyoIVmyqAWFB9V8hHiMdjdIZZnUI9vLJq9CqlO2LcvWumqvdLOLIgFNwBgrABpegBm5BAzQBBo/gGbyCN+PJeDHejY9565qxmDkBf2R8/gCH/psK</latexit>

P (s) =
C 0

c
e�2s(1� e�cs2)

<latexit sha1_base64="pKEYvWl51j94qQ7XKXED0wMjYGc="></latexit>

s � 1p
c
=) P (s) ' C 0

c
e�2s

N=2 Ginibre - exact calculation (analogously to the `Wigner Surmise’)



Thanks for your attention!


