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Serre—Chevalley relations

e 5 be a complex semisimple Lie algebra of rank ¢
© {Hi,...,Hy} a basis of a Cartan subalgebra b
@ R the corresponding root system
@ A ={ai,...,ay} a basis of simple roots

e Cartan integers

. 2 (aj, i)
— H H = —-—m—— H H — H' H'
n(i,j) = (o, i) (o, ai) (i, o) = K (H;, Hj)
e Presentation with generators H;, X;, Y; and relations
[Hia HJ] =0, [HH)(J] = n(”J))<J [Hl" YJ] = _n(i’j)yj’
(X, Y] = & H;, ad(X)' 00X =0, ad(Y;) "0y, =0 (i #)).
(1)
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e Weight space s,

so ={X €s|[H,X] =a(H)X, Heb},

o h =52 aeh*st. s* 0 correspond to the roots in R

e Induces root-space decomposition

szh@Z%.

aER

e Grading: for any aj, aj € R the relations (1) imply that

[5%,5%] C st
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Commutants in U(s)*

e U(s) universal enveloping algebra of s.
e For fixed positive integer p (n = dims)
Upy(g) = (X" ... X" a1+ a2+ -+ an < p)
o P cU(s) of degree d if d = inf {k | P € U(s)}
e U(s) naturally filtered —

Uy (s) = C, Upy(5)U(q)(s) CUptrq)(s), p,q>0.

e Consequence: U(,)(s) can be seen as f.d. representation of 5.3

3Flath D E 1990 J. Math. Phys. 31 1076; Ovsienko V, Turbiner A V 1992 Comptes Rendus Acad. Sci. A 314
13; Burdik €, Navratil O, Po$ta s 2007 Acta Polytech. 47 25; Burdik &, Navratil O 2009 Generalized Lie Theory in
Mathematics, Physics and beyond, Springer Verlag, Berlin, pp. 297

4J. Dixmier 1974 Algébres enveloppantes, Gauthier-Villars, Paris
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Algebraic vs. analytical approach

e Adjoint action of s on U(s) (resp., the symmetric algebra S(s))
PeU(s)— P.Xi:=[X;,P]=XiP— PX; € U(s),
o 3}
P(x1,...,%) € S(s) = Xi(P) = C,-j-(xk& € S(s), ’
]

e Ad-comm. linear isomorphism A : S(s) — U(s) through
symmetrization

1
A (le = 'ij) = ! Z Koy - XKini)
oEY,

° L{(P)(s) =A (S(P)(g)) S L{(p)(g) = Ei:o u(k)(g)
e Forany P € Z/[(p)(ﬁ), Qe U(q)(ﬁ)
[P, Ql € Uptq-1)(5)-



e By Poincaré—Birkhoff-Witt theorem

U, . B
dimu(p)(s) — dim L(E) — dimS(”)(s) _ < dlms;p 1 ) .

e Invariant polynomials of s as centre of U(s):

Z(U(s))={PecU(s)]| [s,P]=0}.

e Can be identified with (polynomial) solutions of diff. operators

e Commutant Gy(5)(P) of P € U(s) as centralizer of P in U(g):

Cusy(P) ={Q cU(s) | [P, Q] = 0} .

e 5 semisimple, G(;)(P) finitely generated (has integrity basis).
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—~ o0 .
o X; = C,j?xk— inf. generator of 1-par. subgroup (wrt X;)

Oxj
e S (s) identified with K[xg,...,x,] (K=R,C)

e Inherits structure of Poisson algebra through Berezin bracket®

0P 0Q

66 , P,QeS(s).

{P,Q} = Cix«
e S(P)(s) hom. pol.:

UP)(5) = A (5(")(5)) — Uyp)(s) i:u
k=0

e Some caution:®

NP, AQ)] =0 = {P,Q} =0

5Berezin F A 1967 Funkt. Anal. Prilozh. 1(2) 1-14.
6Olshanski G 1997 Transformation Groups 2 197; Boya L J, RCS 2009 J. Phys. A=Math. Theor. 42 235203
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e Commutant Gys)(a) of a C s
Cu)(a) ={Q € U(s) | [P,Q] =0, VPea}. (2)
e Special case: a =35
Z(U(s)) ={PeUls) | [s,P] =0}. (3)
o If Gys)(a) is FG, 3{P1,...,Ps} of lin. ind.,” s.t
P3P, P%,  a,€NUO, (4)
e Constants a; satisfy certain algebraic relations.
e Linear dimension dim; G(5)(a) = s.
® Cy(s)(a) contains invariants of a and Cy, ..., G of 5.

® Cy(s)(a) is a free module over C[Cy,. .., C].

7Functional dependence relations are defined in the field of fractions, and not in L{(s).
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Computing with Berezin bracket

e 0" C 5* [commuting coordinates]

C5(5)(G)Z{Q€5(5) ‘ {P,Q}:O, PGC(}

e Solutions of linear first-order system of PDEs

Xi (Q) :={x,Q} = c,-f-xk@ =0,1<i<m=dima, (5)

O
® J4 linearly independent elements. Filtration property

J2CJ3C---CJgC ...

e Berezin bracket

{3p73q} C Gp-i-q—ly P, q, > 2 (6)

e Commutants in U(s): special case of “internal labelling problem”
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e Chain of subalgebras
51 CsyC---Cs.
e Embedding chain of commutants
Cs(s) (51) D Cs(s) (52) D -+ D Cs(s) (5) - (7)

e Applications: Algebraic Hamiltonian (w.t.r a)

Ha = ZOCIX:XJ‘FZ Bka‘FZ’YZCéa Xi7)<j7Xk € a 04:3'7/3k7’7€ € K7
i k £

e Elements in commutant: constants of the motion of H,

e Two cases:
@ Trivial Berezin bracket in Cs,) (#a) all have trivial Berezin
bracket: Abelian symmetry algebra.
(2] {Cs(s) (Ha) s Cs(s) (Ha)} # 0: non-commutative polynomial
symmetry algebra.
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Commutants and missing label problem (MLP)

e Classification schemes related to embedding chains

’ " n/

s D § D s DO .. D s
A 1 1 1 >
(Al [A] '] [A"]

e Labelling of s IR by means of “internal symmetries”.

e Total number of labels needed to describe states :
1
o+ N (5) = 5(dims — N(s)) + N (5), (8)

with iy number of internal labels.
e Covered in multiplicity free cases [Gel'fand-Tsetlin patterns]

e Non-multiplicity free case: requires additional operators

no = % (dims — N (s) — dims’ — N(s)) + ¢ (9)
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SPECIAL TYPES OF MLP
e 5’ is CSA of s [Racah operators].
1
no = 5 (dims — 3¢)
e Chain s C s & s [external MLP, related to CG series]
1 .
ng = = (dims — ¢)
2
e n C s with n NR of Borel subalgebra [Decomposition of 1/(s)]®
1 .
no =3 (dims — £ — 2N/ (n))
e MLP corresponds to A C Cyy(s)(5) s:t.

[A, A =0.

8RCS, Marquette | 2024 J. Lie Theory 34 17
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CASIMIRS AS SUMS OF LABELLING OPERATORS
e The chain 5 D ' implies ad(s) = ad(s') ®T.°

o {Xi,..,Xn,} — &' basis; {X1,.., Xny, .., Xn} — 6 basis

e Consider the scaling transformations

. X,' ].SiSno
o 0)={ S IR (10)

e s’ and [ remain invariant.
o Cp = Kk X;...X;, — hom. p-Casimir operator of s.

Co(P7HE)(Xi), - @) (X)) = e~ (mattmp)ghlo X X (11)

9J. Patera and G. Sankoff Tables of Branching Rules for Representations of Simple Lie Algebras, Presses de

L'Université de Montréal, Montréal, 1973 ; W. G. McKay, J. Patera Tables of Dimensions, Indices and Branching
Rules for Representations of Simple Lie algebras, M. Dekker, New York, 1981; W. G. McKay, J. Patera and D. R.
Rand. Tables of Representations of Simple Lie algebras, CRM, Montréal 1990.
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o M, = max{n;l + ..+ 0 | Kl % 0} <p.

My
Cp =) e"@lpaal,

a=0

e OlP=al hom. pol. of bi-degree (p — o, ) in (5, T).

o VX; € ¢ = [X;, 0P~ = 0 = olP~eal € ¢y, (s).

e OlP—>2] ghtainable as trace operators.

e Not any commuting polynomial P € Cy(5)(s') arises in this form.

e When does P appear as a trace operator? [Open question]
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Root systems and polynomial algebras

e ) C s Cartan subalgebra: {hy,..., hs}

e Cy(s)(h) of h € U(s) determined by root system R

e Simple roots A = {a1,..., a0} <> {X4ay,- -, Xta,} generators
e Positive non-simple roots {f1,...,8,}, rn=IR"|
e Basis of s

B= {fl; X:I:aly--"X:I:agaXiﬁlv---aXi,B,O}
e By SCH relations

[hi, Xg] = Xi(B)Xs, BER, XN(B)eZ
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e Differential operators

R 2ry P
Hi=>" )‘i(ﬁk)xﬁkaT/Bk
k=1

e Commutant in analytical version

Cs(s)(b) = {P | {P,H;} = H(P) = 0} 5

1 P vi PP V2r0
e For monomials Q = Xg xﬁ2r0

2r
H; (Xgi - .xgj:::) = (Z Ai(/Bk)Vk) Q=0
k=1
2ry
= (Z )\i(/@k)l/k> =0, 1<i</t
k=1
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e Elements in Cs(;)(h) have thus 'zero weight’ w.r.t. b

e We proceed recursively on d = deg@Q
ed=115
o d=2: x3xp, € Cs5)(h) = B1+2=0

o d=p: xg x5, € Cs(e)(h) = P+ +PBp=0
e Basis of lin. ind. generators of Cg(;)(h) obtained in steps
e Highest degree of ind. monomial dy = 1+ max {ht(5) | B € R}

e For d > dy a monomial in Cg(;)(h) is decomposable
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e Maximal heights of roots for classical SLA:10

o Ap
0
Zak — dy=/(+1
k=1
e By:
l
041+2Zak = dy=2/
k=2
o Cg:
/—1
a2 ap = do=20
k=1
] Dg:
-2
a1+ Y g+ oap = do=20—2
k=2

IORCS, Latini D, Marquette |, Zhang Y-Z 2023 J. Phys.: Conf. Ser. 2667 012037; RCS, Latini D, Marquette |,
Zhang Y-Z 2023 J. Phys. A: Math. Theor. 56 045202; RCS, Latini D, Marquette |, Zhang J, Zhang Y-Z 2024
arXiv:2406.01958
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e Maximal heights of roots for ESLA:
@ Go: 3a1 +20p = dp =6
Fs: 201 + 30 + 4oz + 204 — dy = 12
Es: a1 + 200+ 3a3 + 204 + a5 + 206 = dp =12
E7: 2a1 + 3ap + 4as + 3a4 + 2a5 + ag + 207 = dy = 18

Esg:
201 +4ap + 603 + 504 + 4as + 3ae + 207 +3ag — dy = 30

e dy coincides with highest degree of primitive Casimir operator

e Exact dimension still to be determined generically

e Degree of polynomial algebra A: deg < dy
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e Number of monomials for A, series:

Table: Number of monomials for A, series

l 2 3 4 5 6 7 8 9 10 11
2 3 2

3 6 8 6

4 |10 20 30 24

5 15 40 90 144 120

6 |21 70 210 504 340 720

7 | 28 112 420 1344 3360 5760 5040

8 | 36 168 756 3024 10080 25920 45360 8!

9 | 45 240 1260 6048 25200 86400 226800 403200 9!

10 | 55 330 1980 11088 55440 237600 831600 2217600 3991680 10!

e Generating function can be found

/+1
B (0 +1)!
£ _kz_; ((+1—d)d -1
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Polynomial algebra for G,

e Using regular embedding A> C G

e Branching rule

[[1,0] = A[1,1] + A[1,0] + A0, 1], (13)

e Basis {E;j, a1, a», as, bt, b?, b3} (Ei1 + Exp + E33=0),

[Eijs Exi] = 6jEin — 0iEyj,  [Ejjs ak] = djkai, [Eij bk] = —Sil/,
[a,-, aj] = *26;jkbk, [bi, b]] = 25,-jkak, [a,-, bl] = 3E’J

e Cartan subalgebra hy = Ey1 — 2Exy + Es3, hy = Epp — Ess
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Table: Eigenvalues of § over the basis (23)

3 5 7 4 6 8 9 10 11 12 13 14

X ‘ Eip Ex3 Ei3 Exn E;p Bz a a2 a3 bl p? b
X)) 3 3 o0 -3 -3 0 1 -2 1 -1 2 -1
A2 (X) ‘ -1 —2 1 1 2 —1 0 1 —1 0 -1 1

e Differential operators

)A(l(F) :3X36X3 F — 3)<48X4F + 3X58X5 F — 3X68X6 F+ anxg F — 2x103X10 F + X118Xu F
— Xx120x5 F + 2x130x3 F — x140x, F = 0,
Xo(F) = — x30x3 F + x40y F — 2x50 F + 2x60x F + X785, F — x305x F + x100x0 F

- xnam F— x138X13F + )<148X14F =0.

e Constraint

ZVk)\l Xk ZVk)\Q Xk =0.
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A = {Q1 = x1, @ = x2}

Ay = {Q3 = x3x4, Qs = x5%6, Qs = x7x5, Q6 = X9x12, Q7 = x10%13, Q3 = x11x14 }

Az ={Q = x3x6x5, Q0 = x3x10%12, Q11 = xax5x7, Q12 = Xax9x13, Q13 = X5X10X14,

Qu4 = xex11x13, Q15 = X7x11X12, Q16 = XgX9X14, Q17 = X9X10x11, Q18 = X12X13X14 }

2 2
Ay = {019 = x3X6x11X12, Q0 = X3X8X10X14, Q21 = X3X70X11, Q22 = X3X7x14, Q23 = XaX5X9X14,
2 2 2
Qo4 = xax7x11x13, Q25 = xaxgx11, Qo6 = XaXi3x14, Qo7 = X5x7x10%12, Q28 = X5X9X]0
9 3 0
2 2 2 2
Q29 = X5x12X74, Q30 = X6XgX9x13, Q31 = X6X0x11, @32 = Xex12X13, Q33 = X7X10X]7,

2 2 2
Q34 = x7x12X]3, Q35 = XgX13X14, Q36 = XgXg Xlo}

3 2 2 3 2
As = {037 = x3x5x70, Q38 = x3X6x10X11, Q39 = X3X6X1,X13, Qa0 = X3x7X73, Qa1 = X3X8X9X],
_ 2 _ 2 _ 2 _ 3 _ 2
Qa2 = x3xgx12X14, Qa3 = xaX5x5x10, Qaa = Xax5x13X14, Qus = x4X6X13, Qa6 = xXaXx7X9X1 ,
2 3 2 3 2
Qa7 = xax7x12X13, Qug = XaxgXg, Qag = x5x7X19X11, Q50 = X6X7X71, Q51 = X5X7X12X14,

3 2 2
Q52 = x5xgX74, Q53 = X6XgXg X11, Q54 = X6X8X13X14}

2 3 23 2.3 2 3 2.3
Ag = {st = x3x6X1p, Q56 = X3X X771, Q57 = X3X5X14, Q58 = X3 xgx70, Q59 = XaX5 X4,
2 3 2 3 2.3 2 3 2.3
Q60 = X3 X5%g, Qo1 = Xy x7X73, Qo2 = x4x7x71, Q63 = X5 X7x70, Q64 = X557 X175,

2 3 2.2 2
Qo5 = X6 X8X%13» Qo6 = X(,szg}




e Number of generating monomials
(2)+6+10+18+ 18+ 12 =66
e Casimir operators C}, C5 of Ay and G, Cg of Gy11
=Qf +3(QQ+ @) +3(Qu+Qr+Q), C=0C+ Qs+ Qs+ Q,

G =2Q +9(Q? Q@ + Q1 Q2) +9Q1(Q7 — 2Qs + Q) — 27Q2(Qs — Q7) + 27( Q11 + Qu2).

e Algebraic dependence relations

P= ZMSHQakS—

e ryp number of non-negative integer solutions of

66

wop = Z ay sdeg(Qx).

k=1

1 Cg is skipped due to its length
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e Some algebraic relations in degree six:

Q3@ — Q4R =0, Q0 — Q15Q17 =0, @Q3Qxn — Q13Q18=0,
Q3@ — Q13Q17 =0, Q3Qp7 — Qi5Q16 =0, Q3@ — R14Q16 =0,
Qi@ — QuuQis =0, Q4@ — Q12@Q1i5 =0, Q5Qr9 — QuaQ@15 =0,
Rs@1 — Q7 Qs =0, Q5Q30 — QQi5 =0, Q5Q31 — Q@17 =0,

QR5Q34 — Q1oQR18 =0, Q5Q35 — Q1oQ14 =0, Q@3 — Q13Q14 =0,
Q6@ — Qi6@17 =0, Q6@o9 — QQus =0, QcQ32 — Q@16 =0,

Qe@33 — QuoQi7 =0, Qe@36 — QuoQR13 =0, Q@30 — Quu Q13 =0,
Q7@3s — Q12Qi6 =0, QR — QQ12=0, QQx — QuoQu1 =0,
QQsQs — Qi5Q18 =0, Q@ — QuaQ17 =0, Q3Qs@7 — Q13Q16 =0,
Q@7 Qs — Qi1 Q12 =0, Q5Q6@ — QQ10 =0.

e No dependence relations in degrees p < 5
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e Polynomial algebra of degree 6

{A2, A2} C A1 Ay + Az,

{A2, A3} C AL A3 + A3+ Ag, {Ag, Ay} C AjAg + AL AS + ArAs + As,

{ Az, As} C A1 As + AjApAs + Ap Ay + A3 + A% + Ag,

{A2, Ag} C A1 Ag + AL A} + ALA] + AL Az Ay + AS A3 + A3 Ag + ApAs + Ag,

{As3, A3} C A1 Ag + ALAS + Ap Az + As,

{ A3, Ag} C A1 As + AL Ap Az + Ar Ay + A3 + A3 + A,

{ A3, A5} C A1 A + ALAS + A1 A2 + Aj Ay Ay + A3 A3 + A3 Ag + Ay As + A,

{A3, Ag} C AL AZAs + AjAg As + A1 AsAg + AS + Ay A2 + A A, + Ay Ag + AsAs + A2,

{Ag, Ag} C AL Ag + ALAS + AL AS + AL Ap Ay + A3 A3 + A3 Ag + Ap As + Ag,

{Ag, As} C AL AZAs + Aj Ag As + A Az Ag + AS + Ay A2+ A AL + Ay Ag + Az As + A2, (14)

{Ag, Ag} C ALAS + AL AR A3 + AL AS AL + A1 Ay Ag + Aj A3 ds + Ay AS + A3 A3 + A3 A5
+ Az A3 Ag + A3 + A3 AgAsAs,

{5, As} C ALAS + AL AR A3 + AJ A3 AL + A1 Ay Ag + AL A3 ds + AL AS + A3 A3 + A3 As
+ Az A3 AL + A3 + A3 AgAsAs,

{As, Ag} C ALASA3 + AL A3 + AL A A3 Ay + AL ASAs + Ay AgAs + Ay Az Ag + A3 A,
+ A5+ AZAL £ A AL Ay A3 As + Ap A2 + AS A+ AgAg + A2,

{Ap, Ag} C ALAS + AL ASAS + AL A3 AL + AL ASAG + AL Ao AS + A1 A A3 As + A1 A3 Ag
T+ ALAZ + AL AgAg + AS A3 + A3 A5 + ASA3 Ay + Ay A3 Ag + Ag Ag As + Ap AS
+ A3 A2+ A3 A5 + As A
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e Degree as predicted

{Q61, Qos} = 4Q1 Qs Qg Qs — 18Q1 Qs Qe QF +8Q Qs Qg Qs — 17TQ QR R} — 2 Qe Q5.

e Recovery of the polynomial algebra associated to A,

e Set of A; reduces to elements Qq, Q>, Qa, Q7, Qg, Q11, Q12

e Cubic polynomial algebra'?

{Q4,Qr} =Qu2 — Qu1, {Qs, @} = Quu — Qu2, {Qs, Quit = Qua(Qg — Q7) + QQu1,
{Q4, Q12} =Qa(Qs — Q3) — @Qu1, {Q7, Qu1} = (Q1 + Q) Q11 + (Q4 — Q7)Qu1,

{Q7, Qs} =Q12 — Qu1, {Q7, Qi2} = —(Q1 + @) Q12 + (Qs — Q4)Q7,

{Qs, Qu1} =(Qs + Q7)Qs — (@1 +2Q2) @11, {Qs, Q2} = (Q1 +2Q2) Q12 + (Qs — Q7)Qs,
{Qu1, Qu2} =@ Qu(Q7 — Q) + QQ2(2Q7 — Qg) + QQ7Qs-

12Obtained differently in RCS, Latini D, Marquette |, Zhang Y-Z 2023 Annals Phys: 7459 169496.
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Polynomial algebras and regular subalgebras

e For regular subalgebras (RSA) s’ C s we have

Cs(s(h") N Cs(5)(h) C Cs(sr)(h) € Cs(s)(h)

e Chains provide (weak) lower bound for linear dimension
o Es O Ds = £(Eg) > 209625
o F0 B = &(E) > &(Es)
o 5D E; = &(Es) > &(E7)
o F4 O By = &(Fs) > 35884
e Gy D Ay = {(Gp) > 7 [Compare with dim = 66]

e Best approximation not necessarily related to maximal rank RSA
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® Scheme of RSA of exceptional SLA3

G, E, £ £,
| | | |
AlfA,éA,: At Ay | At 24, |4, 434, |
| As+A | Act2a | A !2A1+ 4,[
A |tacral || A | sacta, | | At Ayt Ay l D, |
| | 64, | [As+ALT" Ec+ 4, | ‘
B, |24 A || At M+ 4, ]| D+3d | by | 24 I |
AcEA e D; 3 || ! At Ay | A+ 24, W oaa |2 |4 24,
“Az+ il ¢ ||At24 A4 “ E 28+ A AT li A+ 4, | ‘\ | |
Gt a| 34, AT a4, | oot | 1A | A1 I At A : Do+ 34, | ¢ ; “ \
D, ca, [1AEA A |l A Al | a4 | De+ 24, | 24,+ A, ‘ RAsY r MAar2ay | 4 |
B,+24,| B, 24, | | At A+a : D+ A ‘ A+ A ! Di+A, | 14, ! 24" 1A, + ZA‘]"l‘ Ay
s A a [[Ast A | A4y | BAT (| 2D, | Deta, | D+a i Aty At iy
B, 24, Mo+ al| a0 | pay [| Dut 44, [ D+ a, | ol 2 [ a4,
B+ A 7 ; Dy |4 | A, | 24,404, |ays Act24) D+ 4, E sa: | 4
A+ A | A, Dy + 24, !IA=+2AJ'| 24, ‘ 84, ‘ D, + A, } 64, l A+ 4, 1 24, |
A, i : A+ 34 TAR240 A || A —._’A, “ AytiAy, | Ay+44, | Do+ A, | A |
| | o | | | !

3Extracted from Dynkin E B 1952 Mat. Sbornik (NS) 30 (72) 349
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Open questions

e Obtain generating functions for £(s)
e Verify that deg(.A) = dj for classical and exceptional algebras

e Determine commutant decomposition w.r.t BR
s Cs :ad(s') | ad(s) @ My

e Characterize elements related to characteristic representation Iy,
e What elements can be identified with trace operators?

e Systematization for the case of S-subalgebras

e Construction of new systems with exceptional SGA*

e Dynamical/geometrical meaning for elements in Cg(s) (Ha)
14Joseph A 1974 Comm. Math. Phys 36 325; Sokolov V V, Turbiner A V 2015 J. Phys. A. Math. Theor. 48
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Dékuji za pozornost

Thank you for your attention
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