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Outline:

Nth-order Born approximation

Multi-delta-function potentials in 2D & 3D, their
renormalization, and coincidence-limit problem

Dynamical formulation of stationary scattering

Applications:

- Consistent & finite treatment of multi-delta-function
potentials in 2D & 3D

- Potentials for which N"-order Born approximation
IS exact.

Conclusions



Scattering in 2D
—0; = 9 +v(z,y)] ¥(x,y) = k*(z,y)

k = k(cosbp,sinbp): Incident wavevector

fo: Incidence angle




Scattering in 2D
07 — 07 + vz, )] v(x,y) = kP (x,y)
Lippmann-Schwinger eq./Green’s fn. method:

(P?+0)[Y) = k2[4))

= k) + G5
52[k) = A2[k) }:»w k) %)

G-*— — (_f)2+k52+i6)_1



Lippmann-Schwinger eq./Green’s fn. method:

(x[p) = (x|k) + (x|GTT [4)

(x|GF|x) 1= —Z HEV (k|x —x'])



Lippmann-Schwinger eq./Green’s fn. method:

L, 1 o eikr
(x|¢p) = (x|k) + (x|GTD[y) — — |e** + —=f(K k)
| 27 VT
(x|GTIx") = —%Hél)(k|x—x’|) as r = |x|—oc
k/.:k_X
. T

fk' k) ;= —m+\/2mi/k({K'|v|yp): Scattering amplitude



Lippmann-Schwinger eq./Green’s fn. method:

(x|¢) = (x|k) + (x|GTD[p) — QL [ez‘k-x 4+

eikr

\/Ff(k’,k)]
PR = —mZRRKOlY)  as 1= x| oo

T

) = |k) + G0 [) -
= |¢) = [1 - GTo] k) = Y (GTo)"|k)
n=0



Lippmann-Schwinger eq./Green’s fn. method:

(x|¢) = (x|k) + (x|GTD[p) — QL [ez‘k-x 4+

T

eikr

\/Ff(k’,k)]
PR = —mZRRKOlY)  as 1= x| oo

) = |k) + GTo[y) .
= [¢) =[1-GT0] k) = > (GT9)"k)

n=0

= f(k,7k> — Zfﬁ(k,7k)

(=1

fo(K', k) := —m+/2mi /k(K'|5 (GT 9) k)



Lippmann-Schwinger eq./Green’s fn. method:

(x|¢) = (x|k) + (x|GTD[p) — QL [ez‘k-x 4+

eikr

\/Ff(k’,k)]
PR = —mZRRKOlY)  as 1= x| oo

T

¥) = k) + G105 |y) -
= [¢) =[1-GT0] k) = > (GT9)"k)
00 n=0
= (K, k) =Y fu(K, k)

(=1

fo(K', k) := —m+/2mi /k(K'|5 (GT 9) k)

N
N-th Born approximation: f(k’, k) %ng(k/,k)
=1



Multi-delta- function potential:

v(x) = szé(x ), x€R’ de {23}

N
Z a) (]



Multi-delta- function potential:

v(x) = ZZ,J d(x —a;), x eRY de {2,3}

37 |aj)(ay]

||M2

Lippmann-Schwinger eq.: |¢) = |k) + G o|y)
eik-x
(27)d/2

Glx—x) = (XIGIK), X :=sutb(an)

=  YPx) =

N
+ Z G(X o an)Xn (*)
n=1



Multi-delta- function potential:

v(x) = ZZ,J d(x —a;), x eRY de {2,3}

N
Z ay) (ay]

Lippmann-Schwinger eq.: |¢) = |k) + G o|y)
eik-x
(27)d/2

Glx—x) = (XIGIK), X :=sutb(an)

=  YPx) =

N
+ Z G(X o an)Xn (*)
n=1

ez'am~k

(2m)d/2

N
(*) = Z Aman —
n=1

Amn . — 3n15mn — G(am — an)



Multi—delta—function potential:

v(x) = ZZ,J d(x —a;), x eRY de {2,3}

N
Z ay) (ay]

Lippmann-Schwinger eq.: |¢) = |k) + G o|y)

1k-x N
= V)=t > Cl—aXn ()
G(x —x) := x|Gx), X = 30(an)

eza’”k 1 1 a,-k
(*) =4 ZlAman_( W)d/Q = X, _( ﬂ-)d/Q Z Anm Am'

Amn . — 3n15mn — G(am — an)



Multi—delta—function potential:

v(x) = ZZ,J d(x —a;), x eRY de {2,3}

N
Z ay) (ay]

Lippmann-Schwinger eq.: |¢) = |k) + G o|y)

eik-x N
- W= Gt Y G aX,
G(X —x') = (x|G|x), X = 30(an)
ezamk
(*) =4 nZlA”man — ( W)d/Q = X, = ( ﬂ-)d/Q Z A727:7Lz m’
6zkx | iak
= w(X) (27T)d/2 (27T)d/2 Z G(X o an)Anm

mmn=1



/ ikr
w(x)—>( 1)d/2[zkx+f(k k>e ] for r — oo
r <
1tk-x
TP(X) . - Z G(X o an)Anm ank

@y " 2my

mmn=1



1 e f(k/ k) ezkr
w(x)%(w)d/zl + = ] for r — oo
1tk-x
w(x) . - Z G(X an)Azm ank

(27T)d/2 (27T)d/2

mmn=1

p .
2 Hél)(k:r) for d =2
4 .
1 ezkr

\ 471'7“

G(x) = <
for d =3




1 e f(k/ k) ezkr
w(X)—>( )d/2[ + = for r — oo
) = LN Gl a)acd ek
X n nm
(27r)d/2 (27)d/2 o
2 Hél)(k:r) for d =2
G(X) — < 4 1 eikr
—— for d =3
\ 4T r

( ; )

i o
e WXt for d=2

G(x—x") — ¢ S{Tk""_ik,.x,eikr > for r = |x| -
e

— for d=3

\ 47'(' T J




P(x) —

(%) = CDLE + am)i2

f(k/, k) eikr

1 1k-x
(2m)7 [e "
eik-x 1

N

— for r — oo
r2

Z G(X - an)A;r}z, eiam-k

mmn=1

G(x) = 4

p

—% Hél)(k:r) for d =2

1 ikr
_ = ° for d =3
\ 47T T
( - )
—1/ L ek Xkt for g =2
G(x—x") — ¢ S{Tkr_ik,.x, e > for r = |x| -
_ =€ ¢ for d=3
\ 47'(' T J
- N
d _ (a. - k—a .k’
01 = S 3 A ek

o~

k3_d

—1/4x

mn=1

—\/1/8mw for d=2

for d =3



N
/ _ G —1 _i(ay-k—ank)
f(k y k) - \/W Z Amn €

mn=1
.

—%Hél)(k’r) for d=2
1 eik:r

\ 41 7r

Amn 1= 3;15mn — G(am — an) G(X) — <
for d=3




N
Cd — 7} a,-k—a,,- /
fk', k) = = Z Am}z,e( k—an k')
mn=1
.

—%Hél)(kr) for d=2
1 eikr

\ 47 r

Amn 1= 5;1577171 — G(am — an) G(X) = 9
for d =3

But: G(0O) = = A,,.=3'-G(0)=0c0!



f(klak) mn K k)
mn 1
(1@
—— Hy "/ (kr) for d=2
Amn . — 5n15mn — G(am — an) G(X) = < 4 1 ei/m“
—_ for d =3
\ 4T r
But: G(0O) = = A,,.=3'-G(0)=0c0!

Absorb the singularity of G(x) at x =10 in 3. .

Renormalize: 3,, — m



jK k) =
d=2
d=3

_/\\

N
Cd A-1 pi(ank—ank)
m mn e

k 1

m,n=—

( F for m =n

) iy
| 7 Ho ' (klam —an]) for m#mn

( 57;14-% for m=n

eik'&m—an|

for m #=n

\ 47T|am—an|



A 1 ’l(an k A k,)

mn

mn 1
) N :
5;&14—% form=n

{ .
| 2 HP (klam —an]) for m#n

SH
]
N

S
|

(314 % for m =n
d= 3. A, =« eik‘am—arﬂ

| ZrTam—an for m = n
N =1: v(x) =306(x—aj)
( - iaq-(k—k’)
— 877}]@6,_; — for d=2
, 31tz
k', k) = 4 : /
1 e (kK for d
— ~_1 .k —
\ 4 31 +£_w

[Jackiw 1991]



Nr=i

m,n=—

N
(k) = — S 3 Al eitaka)
1

) ~ |
I for m=n

<
\ ﬁHél)(Mam—anD for m #=n

SH
]
N

S
|

(314 i—’;"r for m=n
d = 3: Amn — < ez’k|am—an|
| 4m|am—an]|

for m #=n

Coincidence-limit problem:

a; — a; for some i and j = f(k/, k) — 0!



A~ 1 z(ank a,-K')

mn

mn—
( 'g;;nl—l—% form=mn

] g
| 7 Ho ' (klam —an]) for m#mn

SH
]
N

S
|

(314 i—’jr for m=n
d= 3: Amn — < ez’k|am—an|
| 4m|am—an]|

for m #=n

Coincidence-limit problem:
a; — a; for some i and j = f(k/, k) — 0!

WOLOG: Sett= N —-1and j=N. Then a; — a; implies
N-—2

U(X) — Zéné(x — an) — Z 3726(X — an) + (3N 1 + 5N)5(X — Ap— l)

n=1 n=1



In 2D, WOLOG
N=2: v(x,y) = 316(x)0(y) +320(x)é(y — ), L € RT

yA




In 2D, WOLOG
N=2: v(x,y) = 316(x)0(y) +320(x)é(y — ), L € RT

yA

f(k’,k) = —4 /8L7;-k [fl(k) + fz(k)e—z’kfsin 9] IO

14
f1(k) := 4[452_1 + 7 — ’L'H(gl)(kjg)ez’késin 00] ®
ST @ 0@ ) + 1D (k)2
T =1 1 ) piklsinby _ (1)
(k) = T+ De iy (kO]

(4511 4 0) (451 +4) + HS (k)2



In 2D, WOLOG
N=2: v(x,y) = 316(x)0(y) +320(x)é(y — ), L € RT

yA

1) = —y [z [1109 + 200 H] l

(k) = limf2(k) = 0 !

lim
/—0




In 2D, WOLOG
N=2: v(x,y) = 316(x)0(y) +320(x)é(y — ), L € RT

’yA

Sk k) = — /SL;T]{ [h(k) o (k) ikesin 9] | .

(k) = limf2(k) = 0 !

lim
/—0

For ¢ — 0, wv(z,y) —30(x)d(y), 3:=31+ 32,

7 1
8mk 3—1

f(k,a k) —

D=



Dynamical formulation of stationary scattering (DFSS)
1D: Schrodinger eq.: [—07 + v(x)]|w(x) = k()

v: R — Cis a short-range potential,
zv(z) -0 for z— +oo



Dynamical formulation of stationary scattering (DFSS)
1D: Schrodinger eq.: [—07 + v(x)]|w(x) = k()
v: R — Cis a short-range potential,

O(x) = A_e*r L B_e kT for x — —o0
A_|_€ilmj -T- B_|_€_'ﬂmc for x — 4+
A Ay
— —
v
B_ By
— —




Dynamical formulation of stationary scattering (DFSS)
1D: Schrodinger eq.: [—07 + v(x)]|w(x) = k()
v: R — Cis a short-range potential,

O(x) = A_e** 4 B e~z  for x — —00
A_|_€ilmj -T- B_|_€_'ﬂmc for x — 4+

A_ A

—_— —_—
V|

B_ B,

«— «—
XL
Ay

e [ransfer matrix:




e Scattering from the left and right:

ekt L Rle=thr  for 1 — —oo

left _

o) = { T'letke for x* — 400
—_—
ezkaz

v 7l gika
Rle—ika: _
s




e Scattering from the left and right:

wright(w)

T etk for r— —oo
e~k L RrethT  for x — 400

e—ikm

: <«
"U| Tre—zk:c |
< Rrezkm
—




e Scattering from the left and right:

o T'letke for ©» — 4o
r —ikx
lﬁ (.’L‘) — { e—zkx _I_ Rrezk:r for r — —I—OO




e Scattering from the left and right:

o T'letke for ©» — 4o
r —ikx
lﬁ (.’L‘) — { e—zkx _I_ Rrezk:r for r — —I—OO




Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

r plays the role of “time’.

i0; U(x,z0) = H(z)U(z, x0)

[Ann. Phys. (NY), 341, 77 (2014)]



Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

?)(Jj) 1 e—szx
H(x) — S [_62ikaz 1 ’
l.e.,
M =9 exp/ —iH(x)dx

=1 — Z/ d£B1H(CB1)

+ (—i)? /OO dx> /az2 deiH(2z2)H(z1) + - -

[Ann. Phys. (NY), 341, 77 (2014)]



2D:

. Vector space of functions ¢ : R — C
Fri={oeF | o(p) =0 for |p| > k|

[PRA 93, 042707 (2016)]



2D:

. Vector space of functions ¢ : R — C
Fri={oeF | o(p) =0 for |p| > k|

dp e'Py
472w (p)

k
Y(x,y) = / [Ai(p)eiw(p)x — Bi(p)e""w(p)‘”} for = — 400
—k

Ax, B € Fy w(p) := \/k? — p?

[PRA 93, 042707 (2016)]



2D:

ﬁk:={¢€9|¢(p)zo for |p|2kz}

k ipy . .
v(xr,y) — / dp e [Ai(p)em(p)x -+ Bi(p)e_m(p)x} for © — +o0
. 412w (p)
. A_|_ T A_
Transfer matrix: B, | = M [ B ]

[PRA 93, 042707 (2016)]



e M admits a formal Dyson series expansion:

M = I1,.7 exp {—z/ dxﬂ(w)} 11,

— Hl{ e ’1,/ dxlﬁk?/'\t(xl)ﬁ/{

— 00

—/ diL’z/ der T H () H (2T, + - -

F(p) for pe (—k, k)

Projection onto .Z2: (II,F)(p) := { 0 for pé (—k,k)

[PRA 104, 03222 (2021)]



e M admits a formal Dyson series expansion:

N = 11, 7 exp {_z- / dxqq(x)} I

— 00

—~ 1 o~
H(x) = Ee_mm?’v(az y) w LIC em‘w3

ENW) == i), o= 5 % .
N =0, Ki=| Y Y|
w(p) == \/k* = p°

[PRA 104, 03222 (2021)]



e M admits a formal Dyson series expansion:

— 00

N = 11, 7 exp {_z- / quq(x)} I

N 1~ o ~
?’L(QZ‘) = Ee—zwazay, ’U(Cl?, y) w—l)(: ezw:z:a'g,
1 i e—ixw ’(/Z(Qj) eia:w e—ia:w ’71,\(33‘) e—ixw
- 2 _ez:cw A(x) ez:cw _eza:w A(CB) e za:w
u(z) = v(z, )

[PRA 104, 03222 (2021)]




e M admits a formal Dyson series expansion:

N = 11, 7 exp {_@- / dxqq(x)} i,

— 00

. 1 ~ L P
H(x) = > e (2, ) wHIC e

(o, ) f) (p) = — / " dgi(a,p— ) ()

2T ) _ o

v(x,p) 1=/ dy e”""v(x,y)

— 00

[PRA 104, 03222 (2021)]



e M can be used to compute f(K', k).
o—iT/4 Ai(ksinf@) —2w6(0 — Op) for cosO >0
X
27k B_(ksin®) for cosf <O

fK k) =

Left incidence: 6o € (—5,5

k k’
ZJ’ /d

Right incidence: 6o € (5,3

[PRA 104, 03222 (2021)]

KV



e M can be used to compute f(K', k).
p—iT/4 {A+(k sin@) — 2m6(0 — Op) for cosf >0
X

fk', k) =
27k B_(ksing) for cosf <O

Left incidence: 0o € (—5,5

(MxpB_ = —Mo1 A

{ : .
KA_|_:]/\2123_—|—]/\4\11A ﬂ /J

A(p) ;= 27k cosbgd(p — ksinbp)

[PRA 104, 03222 (2021)]

KY



e M can be used to compute f(K', k).
p—iT/4 {A+(k sin@) — 2m6(0 — Op) for cosf >0
X

fk' k) =

27k B_(ksing) for cosf <O

Left incidence: 6o € (—5,5

yA

< (MypB_ = —Mx A K /?
\A_l_zj/\ZlgB_—l—]/\JllA ﬂ 0 ;
A(p) =27k cosOyd(p — ksinbp)

Right incidence: 6o € (5,3

yA
MQQB_ = A k' K

\ o~ /é' 9()
\A+=M123_ e >

[PRA 104, 03222 (2021)]



For v(zx,y) = g(y)d(x),

AN

—1TL O3 ?](iE y) w—l,c ezwx0'3

’H(m) =

_ 1
D
1 ~ ~—1
=3 6(x)g(y) w "IC

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(1)6(x), H(z) = g(m)g@) &K

k=4 4] = =0 = AE)HE) =0

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For o(z.y) = 9()i(x),  H(x) =2 6()g(@) &K

7C:=[_11 _11] = K2=0 = H(z1)H(z2)=0

M = ﬁk — ’L/ dwlﬁkﬂ(:ﬁl)ﬁk

—00

—/ dfl?z/ day T H (20) H (21)TT + - -

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For u(e,y) = 9W)o@@),  H(z) = 2 6(@)g(@) &K

k=4 4] = =0 = AE)HE) =0

M\ == ﬁk — ’L/ dmlﬁkﬂ(xl)ﬁk

—00

_/ dxz/ day T H (20) H (21T, 4 - - -

— ﬁk — Z/ dx ﬁkﬂ(l‘)ﬁk

— OO

S P
:Hk_ank’g(y)ﬂkw 'K

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = ¢(1)6(x), H(z) = gémg@) &K

T P

M =11 — %ﬁkg@)ﬁk oK

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = ¢(1)6(x), H(z) = %5(:@9@) &K

T

M = II; — %ﬁkg@)ﬁk oK

For
N Y A
v(z,y) =Y 30(2)0(y — an) I
n=1
we can use ]\/ij to compute f(k', k). ?

v &

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



This again gives Y A

, N I
¢ — r(a,-k—an, kK
000 = =\f5h 3 agheeioa)

m,n=1 ®

v &

but now

( 3;%1+§ for m=n {

Amn .= .
.z Jo(klam —an|) for m #n

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



This again gives Y A

. N I
¢ — r(a,-k—an, kK
010 = —yfgh 3 gk etk

m,n=1 ®

v &

but now

( 3;}4—% for m=n ¥

Amn .= .
.z Jo(klam —an|) for m #n

Previously (Lippmann-Schwinger approach) we had:

L gm—1+§ for m=n
- %Hél)(kmm —ap|) for m#“n



This again gives Y A

. N I
¢ — r(a,-k—an, kK
000 = = [5h 3 A et

m,n=1 ®

v &

but now

( —1 7 S
I o for m=n
Amn L= * {

\ %Jo(k|am—an|) for m#*n

e Nothing blows up = No need for renormalizing 3,

Previously (Lippmann-Schwinger approach) we had:
Zm_l —+ % for m=mn
Amn 1= . (1)
7 Hy ' (klam —an|) for m #n



This again gives Y A

. N I
¢ — 1(a,-k—an, -k
1) =~y 2 A e,

m,n=1 ®

v &

but now

( —1 7 S
I o for m=n
Amn L= : ¥

\ %Jo(k|am—an|) for m#*n

e Nothing blows up = No need for renormalizing 3,

e T his formula has correct coincidence limit.

Previously (Lippmann-Schwinger approach) we had:
L Zm_l —+ % for m=mn
- %Hél)(kmm —ap|) for m#“n



Generalization to 3D

f(kl7 k) B Z Amn Han k=an k)

mn=1

LS+ Renormaization gives:
| k _
3, + Zi—ﬁ for m =n,

Amn = eik’|am—an|

for m # n.

| 47|a, — ay

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Generalization to 3D

N
1 : ,
K k) = —— AL gilank—ank)
f( ) 47_(_ m;:]- mmn €
LS+ Renormaization gives:
(5 t+E for m=n,

A = < ciklan—a,|

for m # n.

| 47|a, — ay

DFSS gives:
( 5;1 _|_ jr_l; for m = n,
Apin = 4 iSin(k'|am _ anl) for m 7’—E n
L 47T|am T anl |

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Generalization to 3D

j(K k) = —— Z Ay, €tk

mnl

LS+ Renormaization gives:

( ~—1 k _
I ol for m =n,

A = 4 ciklan—a,|

for m # n.
| 47|a, — ay

DFSS gives:
( 5;1 _|_ Z_]:r for m = n,
Apin = 4 iSin(k’|am _ an|) for m 7& n
X 47T|am T anl |

Again nothing blows up, so no need for renormalizing j3,,
and we obtain the correct coincidence limit.

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Exactness of the N-th-order Born Approximation

~ 1 -~ o -
H(z) = = e % y(z,y) @ LI 720

2

M — ﬁk — z/ da:1ﬁkﬂ(331)ﬁk

— 00

— / d£132/ divlﬁkﬂ(xz)ﬂ(:vl)ﬁk + ...

QXxXN: Are there potentials for which this series truncates?
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Theorem: Let d € {2,3} and v : RY — C be a short-range
potential with Fourier transform v : R — C. Suppose that
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Theorem: Let d € {2,3} and v : RY — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(ip) =0 for 1U-p<a

for some a € RT and i € R? such that |4| = 1.

Let py A

N = |2k/a]
l.e., NN is the largest integer that . Do
IS not larger than 2k/a, so that V >
k <2(N + 1)a. Then the N-th Born i-p<a
approximation provides the exact

solution of the scattering problem.

In particular, v does not scatter waves with £ < «/2, and
the 1st Born approximation is exact for k£ < «.

[JPA 57, 335205 (2024); arXiv: 2407.1993]



Concluding Remarks:

e Standard treatment of multi-delta-function point
scatterers, which involves renormalization of coupling-constants,
suffers from the coincidence-limit problem.

e This can be remedied if one allows the renormalized
coupling constants also depend on the distances between the
point scatterers, but the method does not give a clue as to
how this dependence should be.

e DFSS on the contrary produces finite results with a
consistent coincidence limit.

e DFSS has found a number of other remarkable applications
such as the discovery of complex potentials for which the
N-th Born approximation is exact. This result also extends
to EM scattering.
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