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The Operator

We are interested in eigenvalues of the m-sectorial operator

Hg := -A - BV
dom(Hs) = {f € H'(RY) : (~A — BV)f € [3(RY)}

in L2(RY), d = 1,2, where 8 € C and V # 0 is real-valued
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The Operator

We are interested in eigenvalues of the m-sectorial operator
Hg := -A - BV
dom(Hz) := {f € H'(RY) : (A — BV)f € L3(RY)}

in L2(RY), d = 1,2, where 8 € C and V # 0 is real-valued with
= Vel'(R)in1D
= Ve l'(R?)nL'"*(R?),n>0,in2D

Defined via the sectorial form

hslf] = IV FlZomay = B | VX)IF(X)[? dx
Rd

with f € dom(hg) = H'(RY).
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Spectrum of Hj

Stability of the essential spectrum:
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Spectrum of Hj

Stability of the essential spectrum:

Oessk(Hg) = ess(Ho) = 0ess(—A) = [0,00) Vk e {1,...,5}.
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Spectrum of Hj

Stability of the essential spectrum:
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Spectrum of Hj

Stability of the essential spectrum:

Uess,k(Hﬁ) = O'ess(HO) = O'ess(—A) = [O, OO) VK S {1 yoo

= o(Hjg) \ [0, c0) consists of discrete eigenvalues.

Question: Does Hj have eigenvalues for 3 # 0 small?

N. Weber,
AAMP XXI
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Classical Results, g € R
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Now: 8 € R = Hj self-adjoint.

Theorem (Simon 1976)
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Classical Results, g € R

Now: 8 € R = Hj self-adjoint.

Theorem (Simon 1976)
For V # 0 real-valued assume
= Jo(1 + %) | V(x)|dx < oo in 1D,
= [eo(1+[x]") [V(X)| dx < oo for somen > 0 in 2D.

Then Hg has a negative eigenvalue for all sufficiently small
B > 0 if and only if fR x)dx > 0. If it exists, it is unique. In
1D, this eigenvalue is SImpIe
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Classical Results, g € R

Jmp

Rep

JzV(x)dx >0
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Classical Results, g € R

Jmp

Rep

Jz V(x)dx >0

If 3 — 0 along the blue line (red line, resp.), then Hg has a
unique neg. EV A\g — 0 (has no neg. EV, resp.) as 8 — 0.
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Classical Results, g € R
JmpB [ Jmp

Rep Rep

Jz V(x)dx >0 JeV(x)dx =0

If 3 — 0 along the blue line (red line, resp.), then Hg has a
unique neg. EV Ag — 0 (has no neg. EV, resp.) as 3 — 0.
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More references for g € R

Weak coupling for self-adjoint Schrédinger operators:

1977:
1977:
1979:
1980:
1985:
1987:
1998:
2014:
2018:
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Klaus
Blankenbecler-Goldberger-Simon
Klaus

Klaus-Simon

Holden

Gesztesy-Holden

Fassari-Klaus

Kondej-Lotoreichik
Exner-Kondej-Lotoreichik
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The 1D Case

Now: Hj with 8 € C and V # 0 real-valued such that
[+ ) V9 ax < .

Define:

U—/RV(x)dx and U _;/RZ V(x) Ix — y| V(y)d(x, ).
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The 1D Case
Now: Hg with 8 € C and V # 0 real-valued such that
/Ru +IX[2) [V(x)] dx < .
Define:
U= /R V(x)dx and U; = ;/R V(x) [x — ¥ V(y)d(x, ).

Two cases:
= U#£0(wlog. U>0)
= U=0 = U;<0O.
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The 1D Case - [, Vdx >0

For & > 0 define Sy . = {z € C: Re(z) > (—% + 5) jm(z)z}.
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The 1D Case - [, Vdx >0
For e > 0 define Sy . = {z € C:Re(2) > (—% + s) TJm(Z)Q}.
= [ Jmg3

(S1,-¢)° | Ref

>

< 81 €

Sy forUs >0
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The 1D Case - [, Vdx >0

For e > 0 define Sy . = {z € C:Re(z2) > (—%} +5) D‘m(z)z}.

S1 ,E

31,5 for U1 >0 81,5 for U1 <0



The 1D Case - [, Vdx >0
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The 1D Case - [, Vdx >0

U= [rV(X)dx and U =3 [o V(X)[x —y| V(y)d(x,y)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
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The 1D Case - [, Vdx >0

U= [z V(x)dx and U _szz (x) |x —y| V(y)d(x, y)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V, there holds:

1. Hgs has an eigenvalue \g € C\ [0, co0) for all sufficiently small
B € Si. that obeys

2
/__/\ﬂzgu—%U1+O(ﬂ3) as B—0 in S..
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The 1D Case - [, Vdx >0

U= [ V(x)dx and U; = 2ng X)|x =yl V(y)d(x,y)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V, there holds:

1. Hgs has an eigenvalue \g € C\ [0, co0) for all sufficiently small
B € Si. that obeys

2
/__/\ﬂzgu—%U1+O(ﬂ3) as B—0 in S..

2. Hg has no eigenvalues in C \ [0, co) for all sufficiently small
B € (S1,-¢)°.
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The 1D Case - [, Vdx >0

Visualization of the eigenvalue Az of Hz as 8 — 0 if Uy > 0.

Mo Jms g [ Jmg
o s AB(t)
\ As(t)
(S1,—6)C 9‘{2,3\ /9{0\5)
’ As(t)
B(t)
B
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The 1D Case - [, Vdx >0

Visualization of the eigenvalue Az of Hz as 8 — 0 if Uy > 0.

Ims g  TmAg
- ﬁ (1) e AB(1)
\ As(t)
(81,—6)C 9‘{2,3\ /9%0\5)
AB(t)
B(t)
B

If 3 — 0 in the blue area (red area, resp.), then Hz has an
eigenvalue \g (has no eigenvalue, resp.) in C\ [0, c0).
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The 1D Case - [, Vdx >0

Visualization of the eigenvalue Az of Hz as 8 — 0 if Uy > 0.

e Jms g [ Jmg
S \ﬂ\(t) 1,e )‘B(z‘)
\ As(t)
(81,—6)C 9‘{2,3\ /9%0\5)
’ AB(1)
B(t)
B

Remarkable: 9ie(5) may be negative!
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The 1D Case - [, Vdx =0

Now: [ V(x)dx =0 = szz X)|[x —y|V(y)d(x,y) <O0.
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The 1D Case - [, Vdx =0

Now: [ V(x)dx =0 = 2fR2 X)|[x —y|V(y)d(x,y) <O0.

For e > 0 set 81’6 ={zeC:|Re(2)] > (1 +¢)|Im(2)|}
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The 1D Case - [, Vdx =0

Now: [ V(x)dx =0 = 2fR2 X)|x =yl V(y)d(x,y) <O.
Fore >0set S :={zeC:|Re(2)| > (1+¢)|Im(2)[}

[ Tms3
S|

92

Rep

N Vd -~
T
N

(S,-.)°
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The 1D Case - [, Vdx =0

Ur = 3 Jge VOO IX = y[ V(y) d(x, ¥)
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The 1D Case - [, Vdx =0

Us = 3 Jge V(X)X = yI V(¥) d(x.y)
Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V there holds:
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The 1D Case - [, Vdx =0

Up = 3 Jge V(X) Ix = y| V(¥)d(x, y)
Theorem (Behrndt-Holzmann-Siegl-W. 2024)

Under the above assumptions on V there holds:

1. Hgs has an eigenvalue \g € C\ [0, co0) for all sufficiently small
B € Si. that obeys

2
=X =—’8—U1+(963 as f—0 in S ..
B 2 )
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The 1D Case - [, Vdx =0

Up = 3 Jge V(X) Ix = y| V(¥)d(x, y)
Theorem (Behrndt-Holzmann-Siegl-W. 2024)

Under the above assumptions on V there holds:

1. Hgs has an eigenvalue \g € C\ [0, co0) for all sufficiently small
B € Si. that obeys

2
=X =—’B—U1+(963 as f—0 in S ..
B 2 )

2. Hg has no eigenvalues in C \ [0, co) for all sufficiently small
B e(S-.)"
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The 1D Case - [, Vdx =0

Visualization of the eigenvalue A of Hz as 8 — 0.
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The 1D Case - [, Vdx =0

Visualization of the eigenvalue A of Hz as 8 — 0.

< N ~ _of \ ~
\\\\ Jm,@ ///S/, )‘ﬁ(t) Jm)\ﬁ)\
N "l 1 Jé
LONS 2 v
. : Relg
>
AB(t)
B(1)
/,/(8;,,5)C

If 3 — 0 in the blue area (red area, resp.), then Hz has an
eigenvalue \g (has no eigenvalue, resp.) in C\ [0, c0).
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The 2D Case

Now: Hg with 8 € C and V # 0 real-valued
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The 2D Case
Now: Hg with 8 € C and V # 0 real-valued such that

/ lIn x| [V(x)| dx < oc.
R2
Define:

U={ vixyax, U=

=5 [, VX)Inlx =y V(y)d(x,y).
R2 T JR4

and suppose U > 0.
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The 2D Case
Now: Hg with 5 € C and V # 0 real-valued such that

/ lIn x| [V(x)| dx < oc.
R2
Define:

U={ vixyax, U=

=5 [, VX)Inlx =y V(y)d(x,y).
R2 T JR4

and suppose U > 0. For ¢ > 0 define the parabolic region

So. = {z e C:Re(z) >0, [Im(2)] < (Z — 5) S)%e(z)z} .
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The 2D Case

So. = {z € C:MRe(2) >0, |Im(2)] < <% — 5) %Q(Z)Z}
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The 2D Case

So. = {Z € C:MRe(2) >0, |Tm(2)] < (% _ 8) %e(z)z}




The 2D Case

U= f]RZ dX and U1 2 fR4 |n ‘X .y’ V(.y) (Xay)
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The 2D Case

U= f]RZ dX and U1 2 fR4 |n ‘X y’ V(.y) (Xay)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V there holds:
1. Hg has an eigenvalue A3 € C\ [0, o) for all sufficiently small
B € Sy that obeys

g (CV+O(,8))exp( BU> as B—0 in S,

where Cy = exp (2 In(2) — 27 — 471'%).
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The 2D Case

U= f]RZ dX and U1 2 fR4 |n ‘X y’ V(.y) (Xay)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V there holds:
1. Hg has an eigenvalue A3 € C\ [0, o) for all sufficiently small
B € Sy that obeys

g (CV+O(,8))exp( BU> as B—0 in S,

where Cy = exp (2 In(2) — 27 — 47rm‘).

2. Hg has no eigenvalues in C \ [0, co0) for all sufficiently small
BE (S )
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The 2D Case

Visualization of the eigenvalue Az of Hg as 3 — 0.

AB(1)

\Jm)\ﬁ
As(t)
me)\g

Uess(—A)

AB(1)




The 2D Case

Visualization of the eigenvalue Ag of Hz as 8 — 0.
\’Jm)\g
As(1) As(t)

(S2,-¢)° %exﬁ)

As(t)

If 3 — 0 in the blue area (red area, resp.), then Hz has an
eigenvalue \s (has no eigenvalue, resp.) in C \ [0, c0).
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Eigenvalues in higher dimensions

Are there bound states if d > 3?
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Eigenvalues in higher dimensions

Are there bound states if d > 3?

Theorem (Frank 2011)
If d > 3, there exists a constant Dy 4 > 0, such that

%ﬂ/|wnﬂw<1
Rd

implies that —A — V has no eigenvalues in C \ [0, o).
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Eigenvalues in higher dimensions

Are there bound states if d > 3?

Theorem (Frank 2011)
If d > 3, there exists a constant Dy 4 > 0, such that

|ﬁ|‘2’Do,d/ V(x)[f dx < 1
Rd

implies that —A — 3V has no eigenvalues in C \ [0, c0).

= —A — gV has no eigenvalues in C \ [0,00) if d > 3 and 3
is small enough.
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Further references

Non-self-adjoint weak coupling:
= 2008: Borisov-Krejcitik [Planar Waveguides]
= 2016: Novak [Waveguides]
= 2018: Cuenin-Siegl [1D Dirac]
= 2021: Cuenin-lbrogimov [Indefinite Laplacian]
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Thank you for your attention!
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