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The Operator

We are interested in eigenvalues of the m-sectorial operator

Hβ := −∆− βV

dom(Hβ) := {f ∈ H1(Rd ) : (−∆− βV )f ∈ L2(Rd )}

in L2(Rd ), d = 1,2, where β ∈ C and V 6≡ 0 is real-valued

with
V ∈ L1(R) in 1D
V ∈ L1(R2) ∩ L1+η(R2), η > 0, in 2D

Defined via the sectorial form

hβ[f ] = ‖∇f‖2L2(Rd ) − β
∫
Rd

V (x) |f (x)|2 dx

with f ∈ dom(hβ) = H1(Rd ).
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Spectrum of Hβ

Stability of the essential spectrum:

σess,k (Hβ) = σess(H0) = σess(−∆) = [0,∞) ∀k ∈ {1, . . . ,5}.

=⇒ σ(Hβ) \ [0,∞) consists of discrete eigenvalues.

Question: Does Hβ have eigenvalues for β 6= 0 small?
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Classical Results, β ∈ R

Now: β ∈ R =⇒ Hβ self-adjoint.

Theorem (Simon 1976)
For V 6≡ 0 real-valued assume∫

R(1 + |x |2) |V (x)|dx <∞ in 1D,∫
R2 (1 + |x |η) |V (x)|dx <∞ for some η > 0 in 2D.

Then Hβ has a negative eigenvalue for all sufficiently small
β > 0 if and only if

∫
R V (x)dx ≥ 0. If it exists, it is unique. In

1D, this eigenvalue is simple.
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Classical Results, β ∈ R

Reβ

Imβ

∫
R V (x) dx > 0

If β → 0 along the blue line (red line, resp.), then Hβ has a
unique neg. EV λβ → 0 (has no neg. EV, resp.) as β → 0.
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More references for β ∈ R

Weak coupling for self-adjoint Schrödinger operators:
1977: Klaus
1977: Blankenbecler-Goldberger-Simon
1979: Klaus
1980: Klaus-Simon
1985: Holden
1987: Gesztesy-Holden
1998: Fassari-Klaus
2014: Kondej-Lotoreichik
2018: Exner-Kondej-Lotoreichik
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Question: Similar results for β ∈ C?
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The 1D Case

Now: Hβ with β ∈ C and V 6≡ 0 real-valued

such that∫
R

(1 + |x |2) |V (x)|dx <∞.

Define:

U =

∫
R

V (x)dx and U1 =
1
2

∫
R2

V (x) |x − y |V (y)d(x , y).

Two cases:
U 6= 0 (w.l.o.g. U > 0)
U = 0 =⇒ U1 < 0.
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The 1D Case -
∫
R V dx > 0

For ε > 0 define S1,ε =
{

z ∈ C : Re(z) >
(
−U1

U + ε
)
Im(z)2

}
.

S1,ε

(S1,−ε)
c Reβ

Imβ

S1,ε for U1 > 0

S1,ε

(S1,−ε)
c Reβ

Imβ

S1,ε for U1 < 0
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The 1D Case -
∫
R V dx > 0

U =
∫
R V (x)dx and U1 = 1

2

∫
R2 V (x) |x − y |V (y) d(x , y)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V , there holds:

1. Hβ has an eigenvalue λβ ∈ C \ [0,∞) for all sufficiently small
β ∈ S1,ε that obeys√

−λβ =
β

2
U − β2

2
U1 +O(β3) as β → 0 in S1,ε.

2. Hβ has no eigenvalues in C \ [0,∞) for all sufficiently small
β ∈ (S1,−ε)

c .
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The 1D Case -
∫
R V dx > 0

Visualization of the eigenvalue λβ of Hβ as β → 0 if U1 > 0.

S1,ε

(S1,−ε)
c

β(t)

β(t)

β(t)

Reβ

Imβ

σess(−∆)

λβ(t) λβ(t)

λβ(t)

Reλβ

Imλβ

If β → 0 in the blue area (red area, resp.), then Hβ has an
eigenvalue λβ (has no eigenvalue, resp.) in C \ [0,∞).
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The 1D Case -
∫
R V dx > 0

Visualization of the eigenvalue λβ of Hβ as β → 0 if U1 > 0.
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c

β(t)

β(t)

β(t)

Reβ

Imβ

σess(−∆)

λβ(t) λβ(t)
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Remarkable: Re(β) may be negative!
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The 1D Case -
∫
R V dx = 0

Now:
∫
R V (x) dx = 0 =⇒ 1

2

∫
R2 V (x) |x − y |V (y)d(x , y) < 0.

For ε > 0 set S
′
1,ε := {z ∈ C : |Re(z)| > (1 + ε) |Im(z)|}

S
′
1,ε

(S
′
1,−ε)

c

Reβ

Imβ
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The 2D Case

Now: Hβ with β ∈ C and V 6≡ 0 real-valued

such that∫
R2

∣∣ln |x |∣∣2 |V (x)|dx <∞.

Define:

U =

∫
R2

V (x)dx , U1 =
1

2π

∫
R4

V (x) ln |x − y |V (y) d(x , y).

and suppose U > 0. For ε > 0 define the parabolic region

S2,ε =

{
z ∈ C : Re(z) > 0, |Im(z)| <

(
U
4
− ε
)
Re(z)2

}
.

N. Weber,
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The 2D Case
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The 2D Case

U =
∫
R2 V (x) dx and U1 = 1

2π

∫
R4 V (x) ln |x − y |V (y) d(x , y)

Theorem (Behrndt-Holzmann-Siegl-W. 2024)
Under the above assumptions on V there holds:

1. Hβ has an eigenvalue λβ ∈ C \ [0,∞) for all sufficiently small
β ∈ S2,ε that obeys

λβ = − (CV +O(β)) exp

(
− 4π
βU

)
as β → 0 in S2,ε,

where CV = exp
(

2 ln(2)− 2γ − 4π U1
U2

)
.

2. Hβ has no eigenvalues in C \ [0,∞) for all sufficiently small
β ∈ (S

′

1,−ε)
c .
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The 2D Case

Visualization of the eigenvalue λβ of Hβ as β → 0.

S2,ε

(S2,−ε)
c

β(t)

β(t)
β(t)

Reβ

Imβ

σess(−∆)

λβ(t)

λβ(t) λβ(t)

Reλβ

Imλβ

If β → 0 in the blue area (red area, resp.), then Hβ has an
eigenvalue λβ (has no eigenvalue, resp.) in C \ [0,∞).
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Eigenvalues in higher dimensions

Are there bound states if d ≥ 3?

Theorem (Frank 2011)
If d ≥ 3, there exists a constant D0,d > 0, such that

D0,d

∫
Rd
|V (x)|

d
2 dx < 1

implies that −∆− V has no eigenvalues in C \ [0,∞).
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implies that −∆− βV has no eigenvalues in C \ [0,∞).
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Further references

Non-self-adjoint weak coupling:
2008: Borisov-Krejčiřı́k [Planar Waveguides]
2016: Novak [Waveguides]
2018: Cuenin-Siegl [1D Dirac]
2021: Cuenin-Ibrogimov [Indefinite Laplacian]
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Thank you for your attention!
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