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Motivation:

Functional integral for propagator of the an-harmonic

oscillator is an example of φ4 theory in 1+1 dimension.

We have studied this problem∗) and found the solution

in terms of the operator functions, in the spirit of the

”umbral calculus.”

In this talk we will express the operator functions in

terms of classical functions and we will show the pos-

sibility to sum up the infinite series representing the

operator functions.

∗) J.Math.Phys. 62, 023501 (2021); doi: 10.1063/5.0018545
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In the Euclidean theory propagator is defined as condi-

tional Wiener measure path integral

W =
∫

[Dφ(τ)] exp (−E[φ]) (1)

where the Euclidean continuous action is defined as:

E[φ] =

β∫
0

dτ

c(τ)/2(∂φ(τ)
∂τ

)2
+ b(τ)φ(τ)2 + a(τ)φ(τ)4


where c(τ), b(τ), a(τ) are functions of the time.

The values φ(0) = xi and φ(β) = xf are fixed in the

conditional Wiener measure path integral.
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The path integral (1) is defined by the limit:

W = lim
N→∞

WN ,

where

WN =

 1√
2π△
c0


+∞∫
−∞

N−1∏
i=1

dφi√
2π△
ci

exp(−EN),

with

EN =
N∑

i=1

△

ci/2
(
φi − φi−1

△

)2
+ biφ

2
i + aiφ

4
i

 ,
representing the standard time-slice discretization of

E[φ]. △ is the interval between ith and i + 1th time

points: △ = β/N.
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We found the result for the propagator Wβ:

Wβ =
Wharm

β√
f(β)

Wan−harm
β ,

where

Wharm
β√
f(β)

,

is the harmonic part of the propagator, and

Wan−harm
β =

1

1− 1
1−hκÎκ

· Âκ0Îκ0
(exp (hρIρ))

is the an-harmonic part, will be discussed bellow.
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The an-harmonic part of propagator is expressed in the

spirit of the ”umbral calculus” as the operator defined

function in the closed form.

The non-complicated operator function represent the

higher transcendental function.

The sum of an expansion of the operator function is

valid in the formal sense only.

The convergence must be checked for the final struc-

tures, obtained by the action of the operators Âκ and

Îκ on the functions hν and Iν.
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Goals:

We show, that such final structures can be summed up,

resulting to the exponential function, with sum of an

infinite series in the exponent.

We show, that this series is absolutely convergent.
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Definitions of functions hκ and operator Âκ:

hκ ≡ −4.4! H4−κ,κ(ϕβ, ϕ0|γ).

Hn−κ,κ(ϕβ, ϕ0|γ) =
min (n−κ,κ)∑

k=0

ϕn−κ−k
β ϕκ−k

0 γk

(n− κ− k)!k!(κ− k)!

= (n− κ)!κ!Hn−κ,κ(ϕβ, ϕ0|γ),

where

H4−κµ, κµ(ϕβ, ϕ0|γ)

are Dattoli’s incomplete Hermite polynomials (Dattoli G.,
Incomplete 2D Hermite polynomials: properties and applications,
J. Math. Anal. Appl. 284 (2003) 447-454.)

Finally, we define the operator acting only on the hλ functions:

Âκhλ =
4∑

n=1

1

2nn!

(
∂n
ϕ0
hκ

) (
∂n
ϕβ

hλ

)
(2)
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Definitions of the multi-index integrals and operator
Îκ0:

Iκ1,··· ,κµ =
∫ β

0
a(τ1)Q

4(τ1)J
κ1(τ1)dτ1 · · ·

∫ β

τµ−1

a(τµ)Q
4(τµ)J

κµ(τµ)dτµ

Operator Îκ0 acts on the multi-index integral Iκ1,··· ,κµ
as:

Îκ0 Iκ1,··· ,κµ = Iκ0,κ1,··· ,κµ

Îκ01 = Iκ0

Product of two multi-index integrals is the sum of

(
m+ n

n

)
m+ n multi-index integrals:

Iρ1,··· ,ρmIκ1,··· ,κn =
n+1∑
i1=1
σi1=ρ1

n+2∑
i2=i1+1
σi2=ρ2

· · ·
n+m∑

im=i(m−1)+1
σim=ρm

Iσ1,··· ,σi,··· ,σm+n
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The product of two multi-index integrals can be rewrit-

ten by help of the operator Î:
Iρ1,··· ,ρmIκ1,··· ,κn = Îρ1

[
Iρ2,··· ,ρmIκ1,··· ,κn

]
+ Îκ1

[
Iρ1,··· ,ρmIκ2,··· ,κn

]
.

Above equation can be extended to the product of ar-

bitrary numbers of integrals:

Iκ1,κ2,··· ,κm1
· · · Iν1,ν2,··· ,νmi

· · · Iρ1,ρ2,··· ,ρmn =

= Îκ1[Iκ2,··· ,κm1
· · · Iν1,ν2,··· ,νmi

· · · Iρ1,ρ2,··· ,ρmn] +

+ · · ·+
+ Îν1[Iκ1,κ2,··· ,κm1

· · · Iν2,··· ,νmi
· · · Iρ1,ρ2,··· ,ρmn] +

+ · · ·+
+ Îρ1[Iκ1,κ2,··· ,κm1

· · · Iν1,ν2,··· ,νmi
· · · Iρ2,··· ,ρmn].
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An-harmonic correction in the form of infinite operator

series:

1

1− 1
1−
∑4

κ=0 hκÎκ
·
∑4

κ0=0 Âκ0Îκ0
exp (hρIρ) = (3)

=
∞∑

µ=0

 1

1−
∑4

κ=0 hκÎκ
·

4∑
κ0=0

Âκ0Îκ0

µ

exp (hρIρ)

Where the µ− th term is: ∞∑
m1=0

(
hκÎκ

)m1 · Âκ0Îκ0

 · · ·

 ∞∑
mµ=0

(
hκÎκ

)mµ · Âκ0Îκ0

 exp (hρIρ)
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Operator Îκ0 acts on function exp (hρIρ) via Taylor’s

expansion.

We can use the identity:

(hκIκ)(hρIρ) = hκhρ(Iκ,ρ + Iρ,κ) = 2hκhρIκ,ρ,

and extend this characteristic for the products of the n

terms:

(hν1Iν1) · · · (hνnIνn) = n! hν1 . · · · . hνn Iν1,··· ,νn,

Then we will use Taylor’s expansion in the form:

exp (hρIρ) =
∞∑

n=0

1

n!
(hρIρ)

n =
∞∑

n=0

hρ1 hρ2 · · · hρn Iρ1,··· ,ρn.
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Let us demonstrate the evaluation procedure on the

simplest example of the operator (2) Âκ0, acting on

the functions hλ:

Âκ0 =
1

2

(
∂yhκ0

)
(∂x ·)

Then for µ = 1 term of Eq. (3) we have:

R1 =

 ∞∑
m=0

(
hκÎκ

)m
· Âκ0Îκ0

 exp (hρIρ) =

=
∞∑

m=0

∞∑
n=1

(hκ1 · · · hκm)Âκ0(hρ1 · · ·hρn) Iκ1,··· ,κm,κ0,ρ1,··· ,ρn.
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By the definition

A1(hκ0, hνi) =
1

2

(
∂yhκ0

) (
∂x hνi

)
we red:

Âκ0(hν1 · · ·hνn) =
n∑

i=1

A1(hκ0, hνi)
(hν1 · · ·hνn)

hνi

By the summation transformation:

∞∑
m=0

∞∑
n=1

→
∞∑

µ=2

µ−1∑
n=1

, µ = m+ n+1

We find for R1:

R1 =
∞∑

µ=2

µ−1∑
i=1

µ∑
j=i+1

A1(hνi, hνj)
hν1 · · · hνµ

hνi, hνj

 Iν1,··· ,νµ
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In equation

µ−1∑
i=1

µ∑
j=i+1

A1(hνi, hνj)
hν1 · · · hνµ

hνi, hνj
Iν1,··· ,νµ

the order of indexes in the integral Iν1,··· ,νµ is ”frozen”,

The content of functions hνi in A1 varies in the first

part of the equation. By summation indexes transfor-

mations, we ”freeze” the order of hνi in the first part,

and we find the variations in the indexes of the integral:

A1(hν1, hν2) hν3hν4 · · ·hνµ
µ−1∑
i=1

σi=ν1

µ∑
j=i+1
σj=ν2

Iσ1,··· ,σi,··· ,σj,··· ,σµ
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This sum is product of two integrals

µ−1∑
i=1

σi=ν1

µ∑
j=i+1
σj=ν2

Iσ1,··· ,σi,··· ,σj,··· ,σµ = Iν1,ν2Iν3,··· ,νµ

Result for µ = 1 can be red:

R1 = A1(hν1, hν2)Iν1,ν2 exp (hκIκ)

For the following evaluations we define the ”single term”

Ai = (Âκi(Âκi−1 · · · (Âκ1hρ) · · · )Iκi,κi−1,··· ,κ1,ρ

and also the ”non-complete single term”

Ai,κi = (Âκi(Âκi−1 · · · (Âκ1hρ) · · · )Iκi−1,··· ,κ1,ρ

Connection between them is: Ai = Îκi[Ai,κi]
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Let us show the process of evaluation for µ = 2:

R2 =

 ∞∑
m=0

(
hσÎσ

)m
· Âκ0Îκ0

A1(κ1, κ2)Iκ1,κ2 exp (hρIρ) =

= A2(κ1, κ2, κ3)Iκ1,κ2,κ3 exp (hρIρ) +

+ Îκ0
[
A1(κ1, κ2)A1,κ0(κ0, ν)

]
exp (hρIρ)

Identity:

Îκ0
[
A1(κ1, κ2)A1,κ0(κ0, ν)

]
=

1

2
Îκ0

[
A1(κ1, κ2)A1,κ0(κ0, ν)

]
+

+
1

2
Îκ1

[
A1(κ0, ν)A1,κ1(κ1, κ2)

]
=

1

2
A1(κ1, κ2)A1(κ0, ν)

Because

Îκ0[Iκ1,κ2Iν] + Îκ1[Iκ0,νIκ2] = Iκ1,κ2Iκ0,ν.
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The process of evaluation of the expansion terms in
the form of final structures can be characterized by:
Lemma 1: Let Ai1 · · · Ain is the product of n single
terms. Then ∞∑

m=0

(
hσÎσ

)m
· Âκ0Îκ0

 [Ai1 · · · Ain] exp (hρIρ) =

=
(
Îκ0[Ai1+1,κ0 · · · Ain] + · · ·+ Îκ0[Ai1 · · · Ain+1,κ0]+

+Îκ0[Ai1 · · · AinA1,κ0]
)
exp (hρIρ).

Lemma 2: Let Ai1 · · · Ain is the product of n single
terms. Then

Ai1 · · · Ain = Îκ0[Ai1,κ0 · · · Ain] + · · ·+

+Îκ0[Ai1 · · · Ain,κ0]
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Following the evaluations in the above spirit, we find

for µ = 2,3 the results:

R2 =
(
A2 +

1

2
(A1)

2
)
exp (hρIρ),

R3 =
(
A3 + Îκ0[A1,κ0A2] + Îκ0[A2,κ0A1]+

+
1

2
Îκ0[(A1)

2A1,κ0]
)
exp (hρIρ),

R3 =
(
A3 +A1A2 +

1

3!
(A1)

3
)
exp (hρIρ),

etc., see Table 1.
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An-harmonic part of the propagator is the sum of all

terms of Tab.1:1+
∞∑
i=1

1

i!

 ∞∑
k=1

Ak

i
 exp (hρIρ)

We identify that this is Taylor’s expansion of the expo-

nential function

exp

 ∞∑
k=1

Ak


We find for an-harmonic part of the propagator the

function:

exp

hκIκ +
∞∑

k=1

Ak

 = exp

(
1

1− Âκ0Îκ0
hνIν

)
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An is the product of n + 1 functions hκ, the signs in

series An alternate. The simple inequality:

|A1| = |A1(κ1, κ2)Iκ1,κ2| =

=
1

2
|A1(κ1, κ2)Iκ1,κ2 +A1(κ2, κ1)Iκ2,κ1| ≤

1

2
M(κ1, κ2)Iκ1Iκ2,

where

M(κ1, κ2) = max (|A1(κ1, κ2)|, |A1(κ2, κ1)|),

can be extended by mathematical induction:

|An−1| ≤
1

n!
M(κ1, · · · , κn)Iκ1 · · · Iκn

For series with alternating signs the condition limn→∞ |An| →
0 is sufficient condition of the absolute convergence of

the sum of the series An.
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Beyond the simplest example. Let Âκ0 is:

Âκ0Îκ0 = Îκ0
2∑

n=1

1

2nn!

(
∂ny hκ0

)
(∂nx ·) (4)

= Îκ0Â1(κ0, ·) + Îκ0B̂1(κ0, ·, ·)

where we defined

Â1(κ0, ·) =
2∑

n=1

1

2nn!

(
∂ny hκ0

)
(∂̃nx ·),

B̂1(κ0, ·, ·) =
1

4

(
∂2yhκ0

)
(∂x ·)(∂x ·)

∂̃nx acts only on the one member of the product of the

single terms and hλ functions.
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For µ = 1, we evaluate the basic single term Z1:

R1 =

 ∞∑
m=0

(hκÎκ)m · Âκ0Îκ0

 exp (hκIκ) = Z1 exp (hκIκ),

Z1 = A1(hν1, hν2)Iν1,ν2 +B1(hν1, hν2, hν3) Iν1,ν2,ν3

A1(hν1, hν2) =
2∑

n=1

1

2nn!

(
∂ny hν1

)
(∂nxhν2),

B1(hν1, hν2, hν3) =
1

4

(
∂2yhν1

)
(∂xhν2)(∂xhν3)
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We found the operator:

Ôκ0(△) =
2∑

n=1

1

2nn!

(
∂ny hκ0

)
(∂̃nx △)+

1

4

(
∂2yhκ0

)
(∂x hµIµ)(∂x △)

With help of this operator we define the single terms

corresponding to the operator (4):

Zi =
(
Îκ0Ôκ0

)i−1
Z1.

and sum of all this terms:

S1 =
∞∑
i=1

Zi
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Also, we evaluated

S2 =
∞∑
i=0

(
Îν0Ôν0

)i ( 1

2!
B1(S1, S1)

)
,

where

B1(S1, S1) =
1

4
Îν0

(
∂2yhν0

)
(∂xS1)(∂xS1)

By mathematical induction we find the structures:

Sj =
j−1∑
k=1

∞∑
i=0

(
Îν0Ôν0

)i ( 1

2!
B1(Sj−k, Sk)

)
, j ≥ 2.
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The an-harmonic part of the propagator in this case is:

exp

hκIκ +
∞∑

j=1

Sj


Q1: The convergence of the sum of the series Sj is

dependent on the convergence of the sum of series of

the single terms Zi. Proof of the convergence is not so

simple as in the case of ”simplest example.”

S1 =
∞∑
i=1

Zi =
1

1− Îν0Ôν0

Z1.
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Q2:

If S =
∑∞

j=1 Sj, we can read:

S = S1 +
∞∑
i=0

(
Îν0Ôν0

)i ( 1

2!
B1(S,S)

)
Because

S1 =
1

1− Îν0Ôν0

Z1 =
∞∑
i=0

(
Îν0Ôν0

)i
Z1 ,

one can find the equation:

(1− Îν0Ôν0)S = Z1 +
1

2!
B1(S,S)

Is this equation a method to evaluate S without evalu-
ation and summation of all Sj?
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