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Motivation:

Functional integral for propagator of the an-harmonic
oscillator is an example of ¢* theory in 141 dimension.
We have studied this problem™) and found the solution
in terms of the operator functions, in the spirit of the
"umbral calculus.”

In this talk we will express the operator functions in
terms of classical functions and we will show the pos-
sibility to sum up the infinite series representing the
operator functions.

*) J.Math.Phys. 62, 023501 (2021); doi: 10.1063/5.0018545
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In the Euclidean theory propagator is defined as condi-
tional Wiener measure path integral

w= [ [De()] exp (~Els) (1)
where the Euclidean continuous action is defined as:
i dp () 2 4
Blgl = [ dar [cm/z( i~ ) +b(r)e(r)? + a(r)p(r)
0

where ¢(7),b(7),a(7) are functions of the time.

The values ¢(0) = x; and ¢(B8) = x4 are fixed in the
conditional Wiener measure path integral.



The path integral (1) is defined by the limit:

W= Iim Wy,

N—00
where
1 +ocon
W = / ex FE
N — l__[ P(—En),
co |7 Ci
with
N Pi — Pi—1 5
En = ZA{Ciﬁ( : AZ_ ) + bip? + a0} |
i=1

representing the standard time-slice discretization of
E[p]. A is the interval between ith and i 4+ 1th time
points: A = 3/N.



We found the result for the propagator WB:

harm
Wﬁ Wan—hafrm

Jre)

h
Wﬁ arm

JFB)

iIs the harmonic part of the propagator, and

_ 1
Wgn harm — 1 ——— (exp (hplp))
1 - 1—heZs AroLro

Wg =

where

is the an-harmonic part, will be discussed bellow.



The an-harmonic part of propagator is expressed in the
spirit of the "umbral calculus’ as the operator defined
function in the closed form.

The non-complicated operator function represent the
higher transcendental function.

The sum of an expansion of the operator function is
valid in the formal sense only.

The convergence must be checked for the final struc-
tures, obtained by the action of the operators A, and
I.. on the functions h, and I,.



Goals:

We show, that such final structures can be summed up,

resulting to the exponential function, with sum of an
infinite series in the exponent.

We show, that this series is absolutely convergent.



Definitions of functions h, and operator As:
hg = —4.4] %4—m,m(¢57 Pol7)-

min (n—k,x) qbg—/i—kqbg—k,yk

HTL—HZ,R(¢B7 ¢O|7) — kgo (n Kk — k)lkl(fi _ k.)l

= (n — K)!x! Hn—m,m(¢ﬁa $alv),

where

H4—/-£M, Ii,u(qSB? dolv)

are Dattoli's incomplete Hermite polynomials (Dattoli G.,
Incomplete 2D Hermite polynomials: properties and applications,
J. Math. Anal. Appl. 284 (2003) 447-454.)

Finally, we define the operator acting only on the h, functions:

. 1
A =30 2 (anh) (03, o) @)
n=1



Definitions of the multi-index integrals and operator
Tro:

&
gy = [} aGDQH DI G [ a()QH () I

Tyu—1
Operator Zy, acts on the multi-index integral Ix;.... x

s
as.

I]{,O 1%17... 7li/JJ — IK"O7I{’17“. 7I{‘,LL

-’,Z\’.Klol — Iﬁ;o

Product of two multi-index integrals is the sum of < m : " )

m + n multi-index integrals:

n+1 n+42 n+m

Ipl,...’meI{l,...’,{,n pum— Z Z ¢ Z .[0'1’...70'7:7...’O'm+n
11:1 7/2=7/1+1 Zm=7/(7n—l)+1
O-ilzpl O-i2:p2 Oim=—Pm



T he product of two multi-index integrals can be rewrit-
ten by help of the operator Z:

Ipla'“,PmLfl,“'a/‘fn — ipl [IPQW'aPmIRl,“',Rn] +i—’f1 [Iply'“,PmLﬁz‘“ﬁn}'
Above equation can be extended to the product of ar-
bitrary numbers of integrals:

I’i17/{27"' sKmq ~ 77 IV17V27'" Vmy =" Ip]_,pQ,--- Pmp

IK’]_ [‘[K’Qa"' yKmq =7 IV]_?VQ)"' Vm, Iplap27'” 7Pmn] —I_
1 )

+ -+

+ Zo [y s, by v v, Ipypoy spmn] T+
+ -+

+ Z,,[Txq ko, oy Tvrpse v, pos -



An-harmonic correction in the form of infinite operator
series:

1
I_Zi:o hiZg to=0 00

YA
= — ApnZ, exp (hyly,)
] KoLkQ plp
=0 1 - Zm=0 L ko=0

Where the u —th term is:

0 ©.@)
( Z (hﬁf,i)ml ' Afﬁ:ofmo> T Z (hmz@>mﬂ - AxoTrg | exp (hplp)

m1=0 mu=
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Operator Z., acts on function exp (h,l,) via Taylor's
expansion.

We can use the identity:

(h/@[ﬁ;)(hp[p) — hﬁ;hp([[q},p —I— Ip’ﬁ;) — QhthIK;,p,

and extend this characteristic for the products of the n
terms:

(h}/llyl) s (hVTLIVn) — nl h]/l R h]/n IV].)"' Uns

Then we will use Taylor's expansion in the form:

0. @) 1 0. @)
exp (hplp) = ) elp)" = > hpt hpo o hpy Ipy o ppe

n=0 n=0
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Let us demonstrate the evaluation procedure on the
simplest example of the operator (2) Ay, acting on

the functions hj:
" 1
Ay = 5 (Oyhno) (O )

Then for u =1 term of Eq. (3) we have:

m=0

o
Ry = ( > (h,j%)m : AA%Of&O> exp (hplp) =

@) ©.@) _
— Z Z (hK’l T hK’m)AK’O(hpl T hpn) IK’l)“' ywWm,KQ,P1,"" ,Pn*

m=0n=1
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By the definition

1
Al(hmoa hl/i) — 5 (ayhffo) (896 th')

we red:

. n huy -« - b,
A/‘fo(h’/l"'h”n) — Z Al(h/io,hyi)( Vlh 1% )
»

=1 i

By the summation transformation:

o0 o0 oo p—1
XY -+ Y Y. op=mint
m=0 n=1 p=2 n=1

We find for R1:

00 p—1 K huy - hu,
R]. p— Z Z Z Al(h‘l/z? h]/]) h h IVla”' 71/'u
1=1 j=i+41 Vis 1oVj

p=2
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In equation

p-1l p

Z Z Al(hyi,huj) hV;L th V1,V

i=1 j=i+1 Vir 1PVj
the order of indexes in the integral Ip,,... ,, is " frozen™,
The content of functions hy, in A; varies in the first
part of the equation. By summation indexes transfor-
mations, we " freeze” the order of hy, in the first part,
and we find the variations in the indexes of the integral:

p—1 7
Al(hyl,hVQ) hl/3hy4' : ’huu Z Z Ial,---,ai,---,aj,---,au
i=1 j=i+1

o;,—UV1 O'j:VQ
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This sum is product of two integrals

p—1 v
Z Z 10-17.-.,0'?:,-..70']‘,.-. ,O-M p— IV].’VQIV37.”7V/,L
=1 j=i+1

o;,=—V1 045;=—U2

Result for 4 = 1 can be red:

R]_ — A]_(h]/l, hVQ)IV]_,VQ eXD (h/{[/{,)
For the following evaluations we define the " single term”
Ai — (AA"%'(AA"%—l T (Afilhp) T )L%,/%—lw yK1,P
and also the "non-complete single term”
ZZ’)K'Z' — (AA’%Z'(AA’%Z'—]. T (AAK’lhp> T )Iﬁ’i—lf“ yR1,P

Connection between them is: A; = Zy,[A; ]
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Let us show the process of evaluation for u = 2:

oo
R2 — ( Z (ho‘ia‘)m . AA/{Ofﬁ;o> Al(ﬁ:l, ’{2)]—/{1,//{/2 eXD (hp]p) —

m=0

= Ax(kq, k2, “3)11-@1,/12,%3 €Xp (hPIP) +
+ Zig [Al(/ﬂ, k2) A1 ko (KO, V)] exp (hplp)

Identity:
_ - 1. _
Trg [-Al("‘?la k2) A1 ko (KO, V)} = EImo [«41(1431, k2) A1 ko (Ko, V)} +
1. _ 1
+ Zer [Ar(ro, ) ALk, (51, 52) | = S A1 (51, 52) A1 (s, v)
Because

Z’io [Lr1,m01v] + Zﬁll[lﬁoyvlﬁz] = Ikq,k0lk0,v-

16



The process of evaluation of the expansion terms in
the form of final structures can be characterized by:

Lemma 1: Let A;, ---A;, is the product of n single
terms. Then

( Z (ha-,z-o)m . AARO:ZKO> [’A’Ll s .Azn] exp (hpfp) =

m=0
= (fmo[ﬁz‘1+1,ﬁ;o A L T [ Ay A1k

—|-i,{0 [’A’il e Ainﬂlﬁo]) exp (hplp).

Lemma 2: Let A;,---A;, is the product of n single
terms. Then

Ail .. Azn = :Z.Ko[jila"?o .. A’Ln] + ... 4
‘|‘me [A’il .. ._/Zinﬁo]
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Following the evaluations in the above spirit, we find
for u = 2,3 the results:

1
Ro = (A2 + 5 (A41)2) exp (hol),
Rz = (A3 + Tio[A1 kA2l + Tig[ Az ko A1l +

1. _
+ S Zuol(A)Z s 5] ) €0 ().

1
Ry = (A3 A Ay §<«41>3) exp (hply),

etc., see Table 1.
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An-harmonic part of the propagator is the sum of all
terms of Tab.1:

1+ i l| (1?—031 Ak) exp (hplp)

i=1"

We identify that this is Taylor’'s expansion of the expo-

nential function
@)
exp (Z Ak)
k=1

We find for an-harmonic part of the propagator the
function:

> 1
41ROt KRQ

k=1
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A, is the product of n 4+ 1 functions hk, the signs in
series A, alternate. The simple inequality:

|A1| — |A1(K31>"32)L<61,l€2| —

1 1
=5 |A1(Kk1, 62) Ik ko + A1(K2, K1) ko k] < EM(HDL k2) Iy Iko,
where
M(k1, k) = max (JA1(k1,k2)], |A1(Kk2,K1)]),
can be extended by mathematical induction:
1
|~An—1| S EM(H’la T 7’177)[51 T Lin

For series with alternating signs the condition limp—co |An| —
O is sufficient condition of the absolute convergence of
the sum of the series A,,.
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Beyond the simplest example. Let A, is:

2
S ~ 1
AkoZry = ZLkg Zl 2np | (8ghm0) (8:?) (4)
n=—
= TkoA1(ko,) + LkoBi(ko,-,")

where we defined

2 —~—
Ao, ) = Y oo (Ofheo) (B2 9,
n=1 .
Br(so, ) = (3hng) (B )@ )

5@ acts only on the one member of the product of the
single terms and h, functions.
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For u = 1, we evaluate the basic single term Z:

m=0

@)
R]_ — ( Z (hﬁ:jz.ﬁ‘})m . AAﬁ;Ojﬁ;O) exp (hﬁ;[,{,) — Z]_ exp (h/{;[ﬁ;),

Z] = Al(hma hVQ)IVlaVQ + Bl(hvv hl/za h’/3) IV1,V2,V3

2
1
Al(h’Vl)hl/Q) — Z o

n=1

(05 oy ) (Bthary),

1
B (huys hug, hws) = 7 (97 huy ) (Bxhiy) (Buhus)
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We found the operator:

2
Oro (D) = >

n=1
With help of this operator we define the single terms
corresponding to the operator (4):

(85 hno) (T )+ (92ng) (D hiul) (@ 2)

21n |

Z; = (fﬁoémo)i_l Z.

and sum of all this terms:

O
S1=) 2
1=1
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Also, we evaluated

O

NY2!
So= ) (II/OOI/O>Z (551(51, 51)) :

i=0
where

1.
B1(51,51) = Tug (95hug ) (9251) (0251)

By mathematical induction we find the structures:

J—1 oo

= 2 (IVOOVO) (%Bl(sj—kask)>a j>2.

k=1 1:=0
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The an-harmonic part of the propagator in this case is:

exp (h,il,ﬁ; + > Sj>

j=1
Q1: The convergence of the sum of the series Sj IS
dependent on the convergence of the sum of series of
the single terms Z;. Proof of the convergence is not so
simple as in the case of "simplest example.”

1
1 — 1,0,

o0
Sl — Z ZZ' — Zl-
1=1
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Q2:

If S = 23?021 S;, we can read:

S=251+ i <T1/O@1/0)i (%15’1(3,5)>

1=0
Because
S Lz i e )ZZ
1 = = 1 = 1
1-— IVOOVO 1=0 oo

one can find the equation:

L 1
(1~ Tp0u0)S = 21 + 7 B1(S,5)

Is this equation a method to evaluate § without evalu-
ation and summation of all Sj?
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