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Introduction

Symmetries control peculiarities of physical systems at the classical and
Y p pny. Y
quantum level*>:%:7

Conserved quantltles —  Conserved operators

\

A=Lxi—pu-
T

Flgu €. On the left: Hidden symmetries in the classical Kepler problem. A is the so-called Laplace-Runge-Lentz vector. On
the right: probability densities through the xz-plane for the electron at different quantum numbers (1, across top; n, down side;
m = 0) (Wikipedia:Hydrogen atom).
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Classical dynamics in curved spaces

Given a space-time metric of the form
ds? = —c2dt? + g;(w)dx'dx?

one can construct the relativistic action

Sp = —mc/ \/CthQ — gij(z)dzidai .
Symmetries of Sg — Killing vectors and tensors associated to ds? %Y.
The non-relativistic limit:

m da® da?
s= [ oG G
10,11

Symmetries of S — non-relativistic limits of the Killing vectors and

Killing tensors associated to ds?.
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Rotating background 213:14

The metric of the (3 4+ 1) Minkowski vacuum subjected to a uniform
rotation €2 along the z axis in polar coordinates is given by

ds? = —c2dt + dp® + p*(dp + Qdt)? + dz>.
The non-relativistic Lagrangian
L=Lo+%%,  La=%("+p ¢ +Q)7),

formally relates with the flat Lagrangian by () — ¢(t) + Qt.

In Cartesian coordinates (g;; = d;;)
Lo = gi;(d'd’ + 3002’ + GMGIAT) Ay = el

Gravitoelectromagnetism

Bg = €;;0;A; = —Qc is interpret as constant Gravitomagnetic field.
qcm = —2m is the Gravitomagnetic charge.

12. T. Kibble, J. Phys. A 9 (1976) 1387.
13. A. Vilenkin, Phys. Rev. D 23 (1981) 852.
14. A. Vilenkin, Phys. Rept. 121 (1985) 263.



Free motion

The geodesic Hamiltonian in polar coordinates
Ho=Hy—Qp,,  Ho=5-9"pipi,  pp=a'ps—a’p1,
shows that the energy is not restricted from below (#).
The equations of motions are solved by a rotation of the straight line,
ro(t) = 2! +ix? = pe’¥ = e (Bt + C), B,CeC.

If the minimum of the trajectory occurs at t,, then, the value of
x4 (ty) = p«€"?* is controlled by the the integrals of motion.

. Q .

The system is ill-defined at the quantum level (#).



Harmonically confined motion

We supplement Lg with an harmonic potential
L, —Lgffm“ QZJ”JL z . v eR.
When introducing a new frequency w by the equation yw = —(Q, the
Hamiltonian takes the form
H, = Hos + ywpy, , Hoee = Hy + %mwQQi]‘SL‘il‘j.
In terms of “sp

herical” ladder operators classical analogs,

af = /B (wi £ 75pi)
the Hamiltonian and the equations of motion looks like
Hy = w(lib by + by by ), 7 :
b = {bF, H} = +iwt;bF = b (t) = eFhtE(0) .

In terms of = (¢):

T (t) — Rlei’ﬁl eiwﬁﬂf 4 R2€—i192 e—iwézt )
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Figure: Roulettes: Trajectories for some rational values of v. In cases b), e) and
h), p, = 0 and trajectories pass through the origin.
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Integrability in rotating harmonic trap

The classical ladder operators in polar coordinates are

by = el Vie(ymisp — (-1 e+ J2)

Integrals of motion appears for v € Q.

= +
v=30 IS L5, = (bi)sl(bi
y=2E hl>1 T, = 00)7(0R)

Poisson brackets:

{HOSC,E%ESQ} = Fiw(s] — 32)5;282 {p@, Si s = i(s1+ 82)£§52 .
{HOSC’ ‘781,82} = :F'LCU(Sl + 32)‘751782 {p<P7 81,82} = Z(Sl - 82)\751,82

and so (I, equal to £ or T ,)),

{H'Y?I;E 82} = {HOSC? S1, 82} + ')’O.){p(p, S1, 32} = 0
{ 51,827 31 82} P( OSCang)



Quantum picture
Canonical quantization

by (@ p) = b7 = hoebT (@), [, bF] = a0y,
H,= hao(tab By + o3y + 1), P = h(b by — b by).

Stationary eigenstates ¥,,, ,, with ni,n2 =0, ..., that satisfy

A B ~ 4 _

bl \Ijnl,ng -V ni \IJnl—l,ng ) bl ‘lln1,n2 =Vni + 1\IJTL1+1,7L2 )
h= — P+ /o

b2 \I}nl,nz Y n2\pmm2—1 ) b2 \Ijmmz =+Vn2+ 1\I/n1,n2—1 :

Eigenvalue equations are:

f[’y\l’m,nz = ET(’Z?"Q\PnI:nQ ) Eﬂ?m = hw( n1+ fong + 1)
PoVnyny = h(ni — n2)\pn1,n2 :

In coordinate representation V1 no 1S @ linear combination of Hermite
- . 2
polynomials times e~ S (@+es),



Degeneracy

_ s2—s1 + _  [na!T(natsi+1)
For 7= s1+s2 'Cnl n2 nlvn? - n1! T(ny—so+1) \Iln1+517n2752
_ F(TLQ—‘,-SQ—‘,-I)
— /m
'Cnl,nglpm,m - ?F(711751+1)\Ijnl_slvn2+52

EQ?SQ is bounded from below.

ESEY,)SQ is invariant under n; — ni £ s1 and ny — Ny F So.

|7] < 1, there are finite number of eigenstates for each energy level.

For |y| = 1, each energy level is infinite degenerate (Landau problem).

__ S82+s1 7— _ nilno!
Forv =325 TnmmYnim = \/F(n1751+1)r(n2752+1)\I]n1—517n2—82

- o I'(ni+s1+1)(na+sa2+1)
‘-7711,712 \Ilnl,nz - \/ n1!na! \Ijn1+51,n2+52

o B\, is not bounded from below.
° E§j}s2 is invariant under n; — n1 £ s1 and ny — Ny F So.
® Each energy level has infinite degeneracy.



A cosmic string background #1314

The metric produced by a cosmic string is

dS* = —dt* +ds*, ds® = (1 — 8572(; ln<:>> (dr? + r?dg?),
0
G: Newton constant.
c: Speed of light.
w: Linear mass density of the cosmic string.
ro: Cosmic string radius.
By introducing the new coordinate

r? = (1 - SgQG ln(%)) r?,  oldr'’? = (1 - SgQG ln(%)) dr?

_ 1
a = 1_4;L2G > 07

(&

one gets (renaming ' — )

ds* = odr? + r2do? .

12. T. Kibble, J. Phys. A 9 (1976) 1387.
13. A. Vilenkin, Phys. Rev. D 23 (1981) 852.
14. A. Vilenkin, Phys. Rept. 121 (1985) 263.



The conical metric

ds? = o2dr? + r2dp?.

CL‘l 2 xle
gij=5z’j+(a2—1)w}r(wz)z< ), 2)2 ) :

® Reduction from ds% = dz? + dy? + dz*
a>1: to the conical surface z = Agr. a =1+ \%.

® o> 1 implies p > 0.

® Reduction from ds?, = —c?dr? + dx? + dy?

to the surface 7 = Ay (non-causal), o =1 — M3,
O<a<l:

® 0<a<1implies u <0.
Acquires a different interpretation in condensed matter 1°:16.

ds? is formally obtained from the plane metric be means of the
transformation p — ap and ¢ — a~typ.

15. G. E. Volovik, (Oxford Science Publications, 2003).
16. N. S. Manton, J. Phys. A 50 (2017) 125403 [arXiv: 1612.06710 [hep-th]].



Non-relativistic motion in a cone

Consider the systems

160 = [L@dr, L = gty = 4 (a3 4 122)
1) = [L&dr, L) = m (022 4 12g?) — metal2

where g;; is the conical metric.
The Hamiltonian are 171%;

Bn), HE - He g omdety2

Tz T
Notable!

The local canonical transformation

Pr 4
r—ar, PT%E, SO%E» psD*)O‘ptpa

applied to the Hamiltonians in the Euclidian plane gives us H@ and Hé?c)

17. G."t Hooft, Commun. Math. Phys. 117 (1988) 685.
18. S. Deser and R. Jackiw, Comm. Math. Phys 118 (1988) 495.



Solutions of the equations of motion

<,

(a) a=1/10 (b) a=1/2 (c) a=4/5
| —
N \/\ o {
] L/ &/
/\ \
(d) a =2 () a=3 (f)a=4 @ a=5

Figure: Solutions of the equations of motion for different values of a.



Solutions of the equations of motion

, (b)azl/ey
c)a—1/3 d)a—1/2 e)a:Q
Ja=3 Ja=4 (h)ya=5

Figure: Only when « is rational one has closed trajectories.



A rotating conic background

After applying the transformation p — ap and ¢ — a1y (and Q — af)
in to the rotating vacuum metric we get

ds® = —c2dt* + odp® + p*(dp + aQdt)? .
The non-relativistic dynamics is obtained by the same transformation:

Geometric background  Phase space functions

Plane f(pv (pvppvpso)

Cone flap,a™tp,a"p,, apy)

. ip(t)
Planar solutions transform as x4 (t) = Xq+(t) = ap(t)e o
The solution we are looking

Tasr = p(t)e?V = a7 X, 2 ()] (Xan)®

The domain of (X, +)® is a Riemann surface depending on the value of a.



Drawing in a Riemann surface (RS)
Consider the complex functions:
5 = ’zlei(z‘H—an) ’ fa(z) — 0 — |z’o¢eio¢196i27ma
1. a€Z" fu(z) € C.

2. a = {,fa(2) € RS of k sheets.
3. a €1, fo(z) € RS with infinite sheets (like In(2)).

Xz

el (b) Trajectory F.P  (c) Trajectory H.O
(2) V2. a=1/2. a=3/5v=1/3.

Figure: Wikipedia: Riemann surfaces.
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Classical trajectories: free case

(fla=2 ¢, <0.

=y mznu ]
P

€ a=1/2¢.>0. (ha=1 ¢ =0 ()a=3/2 ¢ >0.



Classical trajectories: Harmonic oscillator case

o e

v=0, a=1/4. (b)y=0, a=4. v=0, a=3/4

o D o

@r=1a=2/3 (7=

(g)vy=1/2, a=3/4. (h)y=2, a=3/4. ()y=1/3, a=3/4.



Integrals of motion

The complex quantities

by = 5eCVE (avimup — (-1) e +
ﬁishsz - (b )51 (b 2) ) ‘70%81,82 - (b

«,

are not well defined on phase-space for a # 1.

For v = 2221 and a = g/k we have instead

o . r if g=r(s1+s2),
Latts, = (L )<, €=

«,51,52 «,51,52

q if q#r(s1+s2),

For v = jg*‘i; and a = q/k we have

rif g =1"|sy — s1],

HE: + 0 _
0(475)1,52 - (‘70[,81,82) ) 6 -

q if q#1|s2—s1],

iPp

ay/mw
a,l)SI (bt:xt,Q o2

i

r=1,2,...

rl

1,2,...



General comments abut the quantum cases

o) _ w2 (18 ) 1 2 w
B = 30 (G (0ds) + Je55) + 250" — inwh .

whose eigenstates and spectrum are given by

1
() _ 2\ 2 ¢ OMI 2 +‘e
\Ilnp,i (pv ()0) - <mc;;/a ) 2mal’( np+a|£|+1 Ca| ‘L C ) ' pr

C=y/m22p B = hw(2n, + a(l +ysign(0)|] + 1),
n.=0,1,..., (=0,+1,....

General proprieties

1. New degeneracy when a,y € Q.

2. Quantum operators fé?;‘f@ /}2?82 are well defined on Hilbert

space only when a = n.




Conclusion and outlook

i) Non-inertial effects reinterpret as a magnetic fields.

Geometry and ii) Conic background and cosmic strings.

reinterpretations | iy Rotating conic background and

spinning cosmic strings dsZ, '97.

4

With dy — 3 (dp — 200dt), dt — dt + 515dy (periodic time), and J = £55=,
the rotating conic metric transform in,

ds? = —c2(dt +4c™*GJdp)? + o%dp? + p*dp?.

sp

i) Free parameters in geometry (« and ) may
imply special characteristics of the paths.

Geometry

and classical i) For rational o and || € Q

harmonic oscillator (Commensurability of frequencies)

dynamics exist higher order integrals of motion and closed paths

(they are correlated).

19.P. O. Mazur, Phys. Rev. Lett. 57 (1986) 929.



Geometry

i) For a € N and |y| € Q, higher order
and quantum

integrals operator describe the spectrum.

harmonic . S o
oscillator i) Multiparticle generalization:
dynamics Bose Einstein condensation in the cone.
i) Interpretation of the higher-order integrals of motion

in geometric terms (Killing tensors).
Open i) Investigate the quantum anomaly under the
questions: light of exotic boundary conditions 2.

iif) To study different classical and
quantum systems in this an other geometries.

20. B.S. Kay, and U.M. Studer, Commun. Math. Phys. 139 (1991) 103.
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A multi particle generalization

1. Gross-Pitaevskii formalism

Hamiltonian of IV particles in the cone geometry
H = ZnNzl HSO‘)(TZ‘) +U(r1,...,1m), U=3;U(ri,r)).

In the Harthree-Fock approximation: U = 4% §(p; — p;) with a, ~ 0.
Using low temperature approximation (u chemical potential)

p(r) = (B + ta2) (r), v = (D).

We take ¢ as a linear combination of each solutions associated to the
ground state of HS”) such that

I = *mhas [ apdpdp|ip]* ~ 0.

Landau: v=1, @ = \/Nzﬁ;“to Cl‘I/éCfl’l) \/NZﬁ;”b ac =1 .



Vortices

2. The zeros of 1)(®) are interpret as vortices.
For testing we chose fc,; = 2 and “7* = 1.

(a) _ aN ar1(ap)® ip | az(ap)®® ing ) - o2e?
(G —\/ﬂuao\waumm\z) (C‘U*\/F(aﬂf T temt )¢ ¢

Lo [lao[a | a | Lag.a1.05
/4] 00 1 1/(47) =~ 0.025
/3] 010 1 ['(7/6)/(672T(5/3)) ~ 0.031
12070 1 1/(87) =~ 0.040
1 [of]o 1 3/(167) ~ 0.060
2 [[1]0 V/112/19 ~ 2.428 33/(1317) ~ 0.080
31 11]0 1/992/199 ~ 2.233 115/(3977) ~ 0.092
4 | 1] 0 |+/32512/6179 ~2.294 | 12866/ (386917) ~ 0.106

Table: The values of parameters that minimize I, 4,.q, for different values of o,
where a; are assumed to be real numbers (the imaginary part only contributes
with a global sign in this particular case). Note that the value of I, 4, q, grows
with the increasing value of a.
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