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Introduction

It is known that the spectrum of the Dirichlet Laplacian is stable under

small perturbations of a domain.

Rauch, J.; Taylor, M. J. Funct. Anal. 18, 27-59 (1975)

Theorem

Let Ωε (ε > 0), Ω be bounded domains in Rn, and

for any compact set K ⊂ Ω (respectively, K ⊂ Rn \ Ω) we have

K ⊂ Ωε (respectively, K ⊂ Rn \ Ωε) if ε is sufficiently small.

We denote by ∆D
Ωε

and ∆D
Ω the Dirichlet Laplacians on Ωε and Ω,

respectively. Then one has

∀k ∈ N : λk (−∆D
Ωε
) → λk (−∆D

Ω) as ε → 0

(λk (·) stands for the kth eigenvalue; the eigenvalues are arranged in

the ascending order and repeated according to multiplicities).

The situation becomes more subtle for the Laplacian with the Neumann

or mixed boundary conditions.
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Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953

Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24–52 (1991)

Ω

Pε

Bε

• Ω ⊂ Rn is a bounded domain.

• Bε
∼= (0, ε)n, Pε

∼= (0, εα)n−1 × (0, ε).

• Ωε = Ω ∪ Pε ∪ Bε.

• ∆N
Ωε

and ∆N
Ω are the Neumann Laplacians on Ωε and Ω, resp.

It was shown that, if α > (n+ 1)/(n− 1), one has

lim
ε→0

λ1(−∆N
Ωε
) = 0, lim

ε→0
λk (−∆N

Ω) = λk−1(−∆N
Ω), k ∈ N \ {1}.

3 / 15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

Schweizer, B. Proc. A. R. Soc. Lond. 471, 20140339 (2015)

Ωout
ε

Pε

Sε
Bε

Let Aε be the minus Laplacian on Ωε = Ω \ Sε = Ωout
ε ∪ Pε ∪ Bε subject

to the Neumann conditions on ∂Sε and the Dirichlet conditions on ∂Ω.

It was shown that, if Bε and Pε are appropriately scaled, one has

lim
ε→0

λ1(Aε) = γ := lim
ε→0

Aε

LεVε
, lim

ε→0
λk (Aε) = λk−1(−∆D

Ω), k ∈ N\ {1},

where Lε and Aε are the length and the cross-section area of the passage

Pε, respectively, and Vε is the volume of Bε.

The result is obtained under the assumption that Ω is small enough in

order to get γ < λ1(−∆D
Ω).
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Domain Ωε and operator Aε

Our goal is to extend and complement the above result to resonators

separated from the outer domain by a closed surface with a tiny windows

Sk,ε

Bk,ε

Dk,ε

• Ω is a (not necessary bounded) domain in Rn, n ≥ 2.

• ε and dk,ε, k = 1, . . . ,m, are small parameters.

• Bk,ε (“resonator”) is a subset of Ω such that Bk,ε
∼= εBk , where

Bk ⊂ Rn is a bounded domain.

• Dk,ε (“window”) is a subset of ∂Bk,ε such that Dk,ε
∼= dk,εDk ,

where Dk is a bounded set on an (n− 1)-dimensional hyperplane.

• Ωε = Ω \ ∪m
k=1Sk,ε, where Sk,ε = ∂Bk,ε \Dk,ε, k = 1, . . . ,m.

• Aε is the minus Laplacian on Ωε subject to the Dirichlet conditions

on ∂Ω and the Neumann conditions on Sk,ε.
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Main assumption

We assume that the following limits are finite:

γk := lim
ε→0

γk,ε, γk,ε =
cap(Dk,ε)

4|Bk,ε|
, k ∈ {1, . . . ,m} (∗)

Here |Bk,ε| is the volume of Bk,ε, cap(Dk,ε) is the capacity of Dk,ε

:

cap(Dk,ε) = inf
H

∥∇H∥2L2(Rn), if n ≥ 3,

the infimum is taken over H ∈ C∞
0 (Rn) being equal to 1 on a

neighbourhood of Dk,ε (with the neighbourhood depending on H);

cap(Dk,ε) = inf
H

∥∇H∥2L2(B(1,zk ))
, if n = 2,

where zk is the center of the smallest ball containing Dk,ε, B(1, zk)

is the unit ball with center at zk , the infimum is taken over

H ∈ C∞
0 (B(1, zk)) being equal to 1 on a neighbourhood of Dk,ε.

Assumption (∗) implies

dk,ε = Cεε
n

n−2 if n ≥ 3, | ln dk,ε|−1 = Cεε
2 if n = 2, Cε = O(1).
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Anticipated limiting operator A

In the Hilbert space L2(Ω)⊕ Cm we introduce the operator A via

A = (−∆D
Ω)⊕ Γ,

where Γ : Cm → Cm, Γ = diag(γ1,γ2, . . . ,γm), and ∆D
Ω is the

Dirichlet Laplacian on Ω.

Spectrum of A

σ(A) = σ(−∆D
Ω) ∪ {γk , k = 1, . . . ,m}.
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Hausdorff distance

Hausdorff distance between closed sets X ,Y ⊂ R

dH (X ,Y ) = max
{
sup
x∈X

inf
y∈Y

|x − y |; sup
y∈Y

inf
x∈X

|y − x |
}
.

d̃H (X ,Y ) = dH ((1+ X )−1, (1+ Y )−1), X ,Y ⊂ [0,∞),

Definition

• Xε converges from inside to X (Xε ↗ X ) if for any x ∈ X there

exists a family (xε)ε>0 with xε ∈ Xε such that xε → x as ε → 0;

• Xε converges from outside to X (Xε ↘ X ) if for any x ∈ R \ X
there is δ > 0 such that Xε ∩ (x − δ, x + δ) = ∅ for small enough ε.

• Xε converges to X (Xε → X ) if Xε ↗ X and Xε ↘ X .

Proposition

Let (Xε)ε>0 be a family of closed sets, Xε ⊂ [0,∞). Let X ⊂ [0,∞) be

a closed set. Then d̃H (Xε,X ) → 0 if and only if Xε → X .
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Main results

Theorem 1

One has σ(Aε) → σ(A) as ε → 0, and the estimate

d̃H (σ(Aε), σ(A)) ≤


C

m

∑
k=1

|γk,ε − γk |+ C ε, n ≥ 3,

C
m

∑
k=1

|γk,ε − γk |+ C ε| ln ε|3/2, n = 2.
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Main results

Theorem 2

One has σess(Aε) = σess(−∆D
Ω) = σess(A) and

σdisc(Aε) ↗ σdisc(A) as ε → 0.

The multiplicity is preserved: if λ ∈ σdisc(A) is of multiplicity µ and

[λ − L,λ + L] ∩ σ(A) = {λ} with L > 0, then for sufficiently small ε

the spectrum of Aε in [λ − L,λ + L] is purely discrete and the total

multiplicity of the eigenvalues of Aε in [λ − L,λ + L] equals µ.

If, in addition, µ = 1 (i.e. the eigenvalue λ is simple), and

ψ = (ψ0,ψ1, . . . ,ψm) with ψ0 ∈ L2(Ω) and (ψk )
m
k=1 ∈ Cm is the

corresponding normalized in L2(Ω)⊕ Cm eigenfunction, then there is a

sequence of normalized in L2(Ωε) eigenfunctions ψε of Aε such that

∥ψε − ψ0∥2L2(Ωε\∪m
k=1Bk,ε)

+
m

∑
k=1

∥ψε − |Bk,ε|−1/2ψk∥2L2(Bk,ε)
→ 0.
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Main results

Remark

If Ω is a bounded domain, the spectra of Aε and A are purely

discrete; hence, due to Theorem 1, additionally to

σdisc(Aε) ↗ σdisc(A) we also have σdisc(Aε) ↘ σdisc(A).

However, if Ω is unbounded, the latter property does not

necessary hold true: it may happen that there exists a sequence

(λεk )k∈N with λεk ∈ σdisc(Aεk ) converging to λ0 ∈ σess(A).

λεk
λ0

Corollary

Let Ω be a bounded domain (consequently, the spectra of Aε

and A are purely discrete). Then ∀k ∈ N one has

λk(Aε) → λk(A) as ε → 0.
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Application: waveguide with predefined eigenvalues

We are inspired by celebrated papers

Colin de Verdière, Y. Ann. Sci. Éc. Norm. Supér. 20, 599–615 (1987)

where a Riemannian metric g on a given compact manifold M is

constructed such that the first m eigenvalues of the Laplace-Beltrami

operator on (M, g) coincide with prescribed numbers, and

Hempel, R.; Seco, L.; Simon, B. J. Funct. Anal. 102, 448-483 (1999)

Hempel, R.; Kriechenbauer, T.; Plankensteiner, P. Math. Nachr.

188, 141-168 (1997)

where a bounded domain Ω was constructed such that the essential

spectrum and a bounded part of the discrete spectrum of the Neumann

Laplacian ∆N
Ω coincides with the prescribed sets. See also the overview

Behrndt, J.; K.A. Math. Nachr. 295, 1063–1095 (2022)
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Application: waveguide with predefined eigenvalues

λ
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Application: waveguide with predefined eigenvalues

Ω+Ω−

Ω̃ε

• Ω̃ = Ω′ × (−L, L), where L > 0 and Ω′ is a bounded Lipschitz

domain in Rn−1.

• Ω̃ε = Ω̃ \ (∪m
k=1Sk,ε), where

Sk,ε = ∂Bk,ε \Dk,ε, Bk,ε
∼= εB, Dk,ε

∼= dk,εD,

dk,ε = dk ε
n

n−2 if n ≥ 3, and dk,ε = exp(−1/(dk ε2)) if n = 2.

• Ω+ = Ω′′ × (L,∞), Ω− = Ω′′ × (−∞,−L), where Ω′′ is a

bounded Lipschitz domain in Rn−1 such that Ω′ ⊂ Ω′′.

• Ωε = Ω− ∪ Ω̃ε ∪ Ω+ ∪ S− ∪ S+, where S± = Ω′ × {±L}.
• Ad1,...,dm

ε is the minus Laplacian on Ωε subject to the Dirichlet

conditions on ∂Ω \ ∪m
k=1Sk,ε and the Neumann conditions on Sk,ε.
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Application: waveguide with predefined eigenvalues

One has σess(Ad1,...,dm
ε ) = [Λ,∞), where Λ = λ1(−∆D

Ω′′) > 0.

We introduce the functions Fk : R+ → R+ via

Fk (t) =


(
t

4|Bk |
cap(Dk )

) 1
n−2

, n ≥ 3,

t
2|Bk |

π
, n = 2.

Theorem

Let γ̃k , k ∈ {1, . . . ,m} be arbitrary numbers satisfying

0 < γ̃1 < γ̃2 < · · · < γ̃m < Λ.

Then δ > 0 there exist ε > 0 and d̃k ∈ (Fk (γ̃k )− δ,Fk (γ̃k ) + δ),

k ∈ {1, . . . ,m} such that

σ(Ad̃1,...,d̃m
ε ) ∩ [0,Λ) =

m⋃
k=1

{γ̃k}.

The eigenvalues γ̃k are simple.
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Thank you for your attention!
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