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I. TABLE 1

Let us discuss the an-harmonic part of the propagator function defined by the help of the operators Îκ and Âκ:
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The µ− th term of the infinite series for the an-harmonics part of propagator can be written as:( ∞∑
m1=0

(
hκÎκ

)m1

· Âκ0 Îκ0
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 exp (hρIρ) (2)

We introduce the notion of the ”single term” Ai, defined by:

Ai ≡ Ai(κ1, · · · .κi+1)Iκ1,··· ,κi+1 = (Îκ1Âκ1) · · · (ÎκiÂκi) hκi+1Iκi+1 (3)

where

Ai(κ1, · · · .κi+1) = Âκ1 . · · · .Âκi . hκi+1 = (∂yhκ1)(∂x(∂yhκ2)(∂x · · · (∂yhκi)(∂xhκi+1) · · · ))

In the Tab.1 we show the first few Rµ results, in the columns are the products of the single terms for the same µ,
in the rows are the terms possesses the same numbers of the single terms in the product.

Tab. 1: The results for Rµ. The {µ, i} cell contain the products of i single terms Aν1 . · · · .Aνi , satisfying the
condition ν1 + · · ·+ νi = µ.

i µ = 1 µ = 2 µ = 3 µ = 4 µ = 5 µ = 6 µ = 7
1 A1 A2 A3 A4 A5 A6 A7

2 1
2A

2
1 A1A2 A1A3 + 1

2A
2
2 A1A4 +A2A3 A1A5 +A2A4 + 1

2A
2
3 A1A6 +A2A5 +A3A4

3 1
3!A

3
1

1
2!A

2
1A2

1
2!A

2
1A3 + 1

2!A
2
2A1

1
2!A

2
1A4 +A1A2A3 + 1

3!A
3
2

1
2!A

2
1A5 +A1A2A4+

1
2!A

2
2A3 + 1

2!A
2
3A1

4 1
4!A

4
1

1
3!A

3
1A2

1
3!A

3
1A3 + 1

2!A
2
1

1
2!A

2
2

1
3!A

3
1A4 + 1

3!A
3
2A1+

1
2!A

2
1A2A3

5 1
5!A

5
1

1
4!A

4
1A2

1
4!A

4
1A3 + 1

3!A
3
1

1
2!A

2
2

6 1
6!A

6
1

1
5!A

5
1A2

∗Electronic address: bohacik@savba.sk
†Electronic address: presnajder@fmph.uniba.sk



2

We find the rules for the evaluations of the Eq.(1) in terms of results corresponding to (2):
1. The evaluation of Eq.(2) for µ fixed gives the sum of the products of the single terms in Rµ multiplied by the

factor exp (hκIκ).

2. The application of the operator Âκ0
Îκ0

on the products of the single terms do not results to products of the single

terms. The operator Âκ0
Îκ0

create from the product of the n single terms and exponential function, i.e. exp (hνIν)
Ai1 . · · · .Ain exp (hνIν), for µ fixed:

2.a Rule 1:
When applied on the products of Ai, the sum of n terms, each of them is products of the n terms:

Âκ0
Îκ0

[Ai1(ρ1, · · · , ρi1+1) · · · Ain(ν1, · · · , νin+1) exp (hνIν)] = (4)

= Îκ0

[
Ai1+1(κ0, ρ1, · · · , ρi1+1)Ai2Ai3 · · · Ain +Ai1Ai2+1(κ0, ν1, · · · , νi1+1)Ai3 · · ·Ain+

+ · · ·+ Ai1 .Ai2 .Ai3 . · · · .Ain+1(κ0, ν1, · · · , νin+1)
]

exp (hνIν)

2.b Rule 2:
When applied on (hνIν)

m

m! from decompositions of exp (hνIν), the result is product of n+ 1 terms:

Îκ0

[
Ai1+1(ρ1, · · · , ρi1+1) · · · Ain(ν1, · · · , νin+1)A1(κ0, ν)

]
exp (hνIν)

This is not product of the single terms also. Only combination of the results of both methods forms the products of
the single terms. Let Rµ,i is the sum of the products of i single terms for µ fixed in Eq.(2), see Tab.1. Then

Rµ+1,i = Îκ0 [Âκ0Rµ,i] + Îκ0 [Rµ,i−1A1(κ0, ν)]

can be written as sum of the products of the single terms. In Appendix D we show this phenomenon in detail for
construction of the column for Rµ from the column for Rµ−1.

3. The index i of the single term Ai represent the number of the application of the operator Âκ on the function
hν . Therefore, the sum of the indices of a products of the single terms in Ri,µ is equals to µ.

4. Each n−power of the single term is accompanied by the coefficient 1
n! .

5. The infinite sum in Eq.(1) expressed in term of the functions Rµ,i can be read:

∞∑
µ=0

(
1

1−
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)µ
exp (hκIκ) =

(
1 +

∞∑
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µ∑
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)
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We can change the order of the summations in the above equation:(
1 +

∞∑
µ=1

µ∑
i=1

Rµ,i

)
exp (hκIκ) =

1 +

∞∑
i=1

∞∑
µ=i

Rµ,i

 exp (hκIκ)

The sum
∑∞
µ=1 Rµ,1 =

∑∞
i=1Ai is the sum of the single terms. The sum

∑∞
µ=2 Rµ,2 is the sum of the products of

two single terms, which can be written as

1

2

( ∞∑
i=1

Ai

)2

In the limit n→∞, all terms of the infinite sum of Rµ,i can be find in the expansion of

1

i!

( ∞∑
k=1

Ak

)i
.

Therefore, the Eq.(1) in this simpler example is equal to

exp (hκIκ +

∞∑
k=1

Ak) = exp

(
1

1− Âκ0
Îκ0

hνIν

)
(5)
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Tab. 2: The few first sheet items.

i µ = 1 µ = 2 µ = 3 µ = 4 µ = 5 µ = 6 µ = 7
1 Z1 Z2 Z3 Z4 Z5 Z6 Z7

2 1
2Z

2
1 Z1Z2 Z1Z3 + 1

2Z
2
2 Z1Z4 + Z2Z3 Z1Z5 + Z2Z4 + 1

2Z
2
3 Z1Z6 + Z2Z5 + Z3Z4

3 1
3!Z

3
1

1
2!Z

2
1Z2

1
2!Z

2
1Z3 + 1

2!Z
2
2Z1

1
2!Z

2
1Z4 + Z1Z2Z3 + 1

3!Z
3
2

1
2!Z

2
1Z5 + Z1Z2Z4+

1
2!Z

2
2Z3 + 1

2!Z
2
3Z1

4 1
4!Z

4
1

1
3!Z

3
1Z2

1
3!Z

3
1Z3 + 1

2!Z
2
1

1
2!Z

2
2

1
3!Z

3
1Z4 + 1

3!Z
3
2Z1+

1
2!Z

2
1Z2Z3

5 1
5!Z

5
1

1
4!Z

4
1Z2

1
4!Z

4
1Z3 + 1

3!Z
3
1

1
2!Z

2
2

6 1
6!Z

6
1

1
5!Z

5
1Z2

7 1
7!Z

7
1

The {µ, i} cell contain the sum of the products of i single terms Zν1 . · · · .Zνi , satisfying the condition ν1+· · ·+νi = µ.
Each m power of the single term Zmνi is accompanied by the numerical factor 1

m! . This imply, that the items on i− th
line are composed as i− th power of the first, i = 1 line, multiplied by numerical factor 1

i! .

Tab. 3: The first few second sheet items obtained by above procedure.

In our notation, the line over the symbol signals, that B1(κ0,Zi,Zj) is the non-complete single term. This situation

takes place, when the operator B̂1(κ0)Îκ0
acts on the product at least three single terms. The operator B̂1(κ0, ·, ·) acts

on the non-integral parts of the single terms. The operator Îκ0
acts on the whole products of the integrals, which can

be mined from the original products the single term in question. For the simplicity in the next table B1(κ0,Z1,Z2)Z1

means Îκ0

[
B1(κ0,Z1,Z2)Z1

]
, etc.

i 1 2 µ = 3 µ = 4 µ = 5 µ = 6 µ = 7
1 1

2B1(Z1,Z1) B1(Z1,Z2) B1(Z1,Z3)+ B1(Z1,Z4)+ B1(Z1,Z5)+
1
2B1(Z2,Z2) B1(Z2,Z3) B1(Z2,Z4)+

1
2B1(Z3,Z3)

2 1
2B1(κ0,Z1,Z1)Z1

1
2B1(κ0,Z1,Z1)Z2+ 1

2B1(κ0,Z1,Z1)Z3+ 1
2B1(κ0,Z1,Z1)Z4+

B1(κ0,Z1,Z2)Z1 B1(κ0,Z1,Z3)Z1+ B1(κ0,Z1,Z4)Z1+
1
2B1(κ0,Z2,Z2)Z1+ 1

2B1(κ0,Z2,Z2)Z2+

B1(κ0,Z2,Z1)Z2 B1(κ0,Z1,Z2)Z3+

B1(κ0,Z1,Z3)Z2+

B1(κ0,Z2,Z3)Z1

3 1
2B1(κ0,Z1,Z1) 1

2Z
2
1

1
2B1(κ0,Z1,Z1) Z1Z2+ 1

2!B1(κ0,Z1,Z1) Z1Z3+
1
2!Z

2
1 B1(κ0,Z1,Z2) 1

2!Z
2
1 B1(κ0,Z1,Z3)+

1
4Z

2
1 B1(κ0,Z2,Z2)+

1
4Z

2
2 B1(κ0,Z1,Z1)+

Z1Z2 B1(κ0,Z1,Z2)

4 1
3!Z

3
1

1
2!B1(κ0,Z1,Z1) 1

3!Z
3
1 B1(κ0,Z1,Z2)+

1
2Z

2
1Z2

1
2B1(κ0,Z1,Z1)

5 1
4!Z

4
1

1
2B1(κ0,Z1,Z1)

Once the terms on the second sheet are evaluated for µth recurrence step by Rule 3 (i.e. we fill µth column in
Tab. 3, starting from (µ − 1)th column of Tab. 2), we complete the evaluation of the items on the second sheet by
application of Rule 1 and Rule 2 on the column µ− 1 on the second sheet. We find the contributing items to the cell
{µ, i} on the second sheet from the cell {µ − 1, i − 1} of the second sheet by Rule 1, and from the cell {µ − 1, i} of
the second sheet by Rule 2. It is clear, that the new contributions to the cell {µ, i} must be combined with the item
in the cell {µ, i} evaluated by Rule 3.
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Tab. 4: The first few second sheet items.

i 1 2 µ = 3 µ = 4 µ = 5 µ = 6
1 1

2B1(Z1,Z1) B1(Z1,Z2)+ B1(Z1,Z3) + 1
2B1(Z2,Z2) B1(Z1,Z4) + B1(Z2,Z3)

O1( 1
2B1(Z1,Z1)) O1(B1(Z1,Z2)) O1(B1(Z1,Z3)) +O1( 1

2B1(Z2,Z2))
O2( 1

2B1(Z1,Z1)) O2(B1(Z1,Z2))
O3( 1

2B1(Z1,Z1))
2 1

2B1(Z1,Z1)Z1
1
2B1(Z1,Z1)Z2 + B1(Z1,Z2)Z1

1
2B1(Z1,Z1)Z3 + B1(Z2,Z1)Z2

B1(Z1,Z3)Z1 + 1
2B1(Z2,Z2)Z1

O1( 1
2B1(Z1,Z1)) Z1 O1(B1(Z1,Z2)) Z1 +O1( 1

2B1(Z1,Z1)) Z2

O2( 1
2B1(Z1,Z1)) Z1

3 1
2B1(Z1,Z1) 1

2Z
2
1

1
2B1(Z1,Z1) Z1Z2 + 1

2!Z
2
1 B1(Z1,Z2)

O1( 1
2B1(Z1,Z1)) 1

2Z
2
1

4 1
3!Z

3
1

1
2!B1(Z1,Z1)

In this Table the single functions of the second sheet Oi(B1) are defined as in Eq. (??), by applications of the
operator

Îν0Ôν0(·) =

2∑
n=1

(∂ny hν0)(∂nx ·) Îν0 [·] + 2(∂2yhν0)(∂xhµ)(∂x·) Îν0 [Iµ·]

on the function Ôi−1(B1).
The single terms on the second sheet in the cells {µ, i = 1} of the Tab. 4 are defined by the rule:

Rµ,1 =

µ∑
iµ=0

µ∑
jµ=1

µ∑
kµ=1

(
Îν0Ôν0

)iµ ( 1

2!
B1(Zjµ ,Zkµ)

)
The terms belonging to above sum fulfils the conditions:

B1(Zjµ ,Zkµ) = B1(Zkµ ,Zjµ), iµ + jµ + kµ + 1 = µ.

Tab.5:

In the {µ, i} cell we have the sum of the all products of the s = µ − i + 1 single terms on the i − th sheet. We
can see, that on the main diagonal are stored the corresponding sum of the single terms on the all sheets. on i− th
lateral diagonal, we can find i − th power of the sum of the main diagonal elements, divided by the factor i!. The
sum of all elements of this table, representing the non-perturbative contribution to the propagator, together with the
indestructible hκIκ is exp (hκIκ + SI + SII + · · ·+ S∞).

i µ = 1 µ = 2 µ = 3 µ = 4 µ = 5 µ = 6
1 SI =

∑∞
j=1Zj

1
2S

2
I

1
3!S

3
I

1
4!S

4
I

1
5!S

5
I

1
6!S

6
I

2 SII SISII 1
2S

2
ISII 1

3!S
3
ISII 1

4!S
4
ISII

3 SIII 1
2!S

2
II+ SI 1

2!S
2
II+

1
2!S

2
I

1
2!S

2
II

SISIII 1
2!S

2
ISIII 1

3!S
3
ISIII

4 SIV SISIV + 1
3!S

3
II+

SIISIII SISIISIII+
1
2!S

2
ISIV +

5 SV 1
2!S

2
III+

SISV +
SIISIV

6 SV I
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