Summation of the An-harmonic part of the Propagator
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In this work, we present the summation of the infinite series function represented in the form of
the operator function in our previous article.We show, that the final function is finite.
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I. TABLE1
Let us discuss the an-harmonic part of the propagator function defined by the help of the operators 7, and A,:
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The p — th term of the infinite series for the an-harmonics part of propagator can be written as:
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We introduce the notion of the ”single term” A;, defined by:
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In the T'ab.1 we show the first few R, results, in the columns are the products of the single terms for the same p,
in the rows are the terms possesses the same numbers of the single terms in the product.

Tab. 1: The results for R,. The {p,i} cell contain the products of i single terms A,,.--- .A,,, satisfying the
condition vy +---4+v; = pu
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We find the rules for the evaluations of the Eq.(1) in terms of results corresponding to (2):

1. The evaluation of Eq.(2) for p fixed gives the sum of the products of the single terms in R, multiplied by the
factor exp (hylx).

2. The application of the operator AKO IAKO on the products of the single terms do not results to products of the single

terms. The operator A,mf,io create from the product of the n single terms and exponential function, i.e. exp (h,1,)
Ao LA, exp (hy 1), for p fixed:

2.a Rule 1:
When applied on the products of A;, the sum of n terms, each of them is products of the n terms:
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When applied on (h”mi”,)m from decompositions of exp (h,I,), the result is product of n + 1 terms:

Lo [Aivt1(p1, o o pinr) - Ai (1, -+ Vip1) A (ko, v)] exp (Ry 1)

This is not product of the single terms also. Only combination of the results of both methods forms the products of
the single terms. Let R, ; is the sum of the products of i single terms for x fixed in Eq.(2), see Tab.1. Then

Ryi1i = Leo[ArgRyui] + Ly [Ryim1 Av (50, v)]

can be written as sum of the products of the single terms. In Appendix D we show this phenomenon in detail for
construction of the column for R, from the column for R, _;.

3. The index i of the single term 4; represent the number of the application of the operator A, on the function
h,. Therefore, the sum of the indices of a products of the single terms in Rl .u is equals to p.

4. Each n—power of the single term is accompanied by the coefficient =

5. The infinite sum in Eq.(1) expressed in term of the functions R, ; can be read:
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We can change the order of the summations in the above equation:
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The sum 220:1 R,1 =Y o, A; is the sum of the single terms. The sum ZZO:2 R, 2 is the sum of the products of
two single terms, which can be written as
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In the limit n — oo, all terms of the infinite sum of R, ; can be find in the expansion of

()

Therefore, the Eq.(1) in this simpler example is equal to
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Tab. 2: The few first sheet items.

ijp=1p=2\p=3 p=4 nw=>5 nw==06 w="7

1 2z | 2, | Z; Z4 Zs Z5 Zq

2 122212, 2125+ 122 Z124+ 2,25 2125+ 2024+ 325 | 2126+ 2225 + 2324

3 523 | 52122 | 32123+ 5232|2124+ 212223 + 325 | 512125 + 212224+
22325+ 5222,

4 HZ8 2232, 22323+ 5127 5123 FZ3Z4+ 52321+

5212523

5 523 Lziz, TZizZ,+ LZ27 122

6 & 23 2202,

7 LZ7

The {p,} cell contain the sum of the products of i single terms Z,, . - - - .Z,,, satisfying the condition v4+- - -+v; = p.

Each m power of the single term Z! is accompanied by the numerical factor # This imply, that the items on i — th

line are composed as ¢ — th power of the first, ¢ = 1 line, multiplied by numerical factor %

Tab. 3: The first few second sheet items obtained by above procedure.

In our notation, the line over the symbol signals, that Bi(ko, Z;, Z;) is the non-complete single term. This situation
takes place, when the operator B; (nO)IAKO acts on the product at least three single terms. The operator él(no, -, +) acts
on the non-integral parts of the single terms. The operator I 1o acts on the whole products of the integrals, which can
be mined from the original products the single term in question. For the simplicity in the next table By (ko, Z1, Z2)2Z1

means IAHO [Bl(ﬁo,ZhZQ)Zl] ; etc.

i|1]2 uw=3 w=4 w=>5 nw==06 w="r
1 %Bl(Zl,Zl) Bl(Zl,ZQ) 61(21723)4— 81(31724)4— 61(21725)4—
%Bl(ZQ,ZQ) B1(22, Z3) Bi(22, Z4)+
1B1(Z3, Z3)
2 iBi(ko, 21, 21) 21| 3Bi(ko, 21, Z1) 2o+ | 1Bi(ko, 21, Z1) Z3+ 2B1(ko, 21, 21) Z4+
Bi(ko, 21, 22) 21 Bi(ko, 21, 23) 21+ Bi(ko, 21, 24) 21+
1Bi (Ko, 22, 22) Z1+ 1B (Ko, 2o, 22) Zo+
Bi(ko, Z2, 21) 22 Bi(ko, 21, Z2) Z3+

Bi(ko, 21, 23) Zo+

Bi(ko, 22, 23) 21

3 1B1(ko, 21, 21) 322|3Bi(ko, 21, 21) Z1Z0+| 5 B1(ko, 21, 21) 2125+
%212 81(50,21,22) %212 81(50,21723)—{-

%212 Bl(HQ,ZQ,ZQ)+

%222 Bl(mo,Zl,Zl)+

212 31(50731732)

4 723 5iBi(ko, 21, 21) | 323 Bi(ko, 21, Z2)+
322253 B1(ko, 21, Z1)
5 %Zf %Bl(ﬁo,zl,zl)

th th

Once the terms on the second sheet are evaluated for u'* recurrence step by Rule 3 (i.e. we fill p*"* column in
Tab. 3, starting from (u — 1)** column of Tab. 2), we complete the evaluation of the items on the second sheet by
application of Rule 1 and Rule 2 on the column g — 1 on the second sheet. We find the contributing items to the cell
{1,i} on the second sheet from the cell {y — 1,7 — 1} of the second sheet by Rule 1, and from the cell {x — 1,i} of
the second sheet by Rule 2. It is clear, that the new contributions to the cell {y, i} must be combined with the item
in the cell {y,i} evaluated by Rule 3.



Tab. 4: The first few second sheet items.

i|1)2 nw=3 n=4 nw=> nw="06
1 %Bl(Zla Z1)| Bi(Z21,22)+ Bi(Z21, 23) + %31(22, Z5) Bi(Z21,24) + B1(22, 23)
O1(3B1(21, 21)) 01(B1(21, 22)) O1(B1(21, Z3)) + O1(3B1(22, 22))
O2(3B1(21, 21)) 02(B1(21, 22))
O3(3B1(21, 21))
2 %Bl(Zl,Zl)Zl %61(21721)22 +Bl(21,22)21 *61(21721)23 +Bl(22,21)22
Bi(21,23)21 + 131(32732)31
O1(3Bi1(21,21)) 21 |01(Bi(21, 22)) 21+ O1(3B1(21, 21)) 25
02(131(31,31)) Z
3 IB1(21, 21) 122 1B1(21.2)) 212, + §, 21 B)(21, 22)
0O, (%Bl(zl,zl)) 1z2
4 ¥4 2.31(31,21)

In this Table the single functions of the second sheet O;(B;) are defined as in Eq. (??), by applications of the
operator

2
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on the function @i,l(Bl).
The single terms on the second sheet in the cells {u,7 = 1} of the Tab. 4 are defined by the rule:

Pu= 2 3% (1a0)" (38(22)

i,=0 ju=1 k,=1

The terms belonging to above sum fulfils the conditions:
Bi(Zj,, 2,) = Bi(Zk,, Zj.), iu+iut+ku+1=p

Tab.5:

In the {u,¢} cell we have the sum of the all products of the s = p — i + 1 single terms on the ¢ — th sheet. We
can see, that on the main diagonal are stored the corresponding sum of the single terms on the all sheets. on i — th
lateral diagonal, we can find i — th power of the sum of the main diagonal elements, divided by the factor i!. The
sum of all elements of this table, representing the non-perturbative contribution to the propagator, together with the
indestructible h, I, is exp (hxlx + Sr+ Sir+ -+ + Seo)-

i w=1 p=2lp=3pu=4| pu=>5 nw==06
1Sr=3712] 551 | 55 | aSi 55? és?
2 Sir |S1Si1| 58381 3;3 Sit | £SiSu
3 SIII %8121 SI2lSII+ 181221|82
S1Sirr | %S83Smr 3.515111
4 Srv | SiSiv+ _SUJF
S118117 SISHSHH-
%31281\/%-
5 Sy %S?H—l—
SiSv+
S118rv
6 Svr
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