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Relativistic point interactions

General relativistic point interactions

D := −icσ1
d

dx
+mc2σ3, DA := D + cA|δ(x)⟩⟨δ(x)|,

σ1 =

(
0 1
1 0

)
, σ3 =

(
1 0
0 −1

)
,A ∈ C2,2,m ≥ 0, c > 0.

Workspace L2(R;C2),

φ ∈ C∞
0 (R), ψ ∈ L2(R;C2) s.t. ∃limx→±0ψ(x) =: ψ(0±),

⟨δ(x)|ψ⟩δ(x)φ :=
ψ(0+) + ψ(0−)

2
φ(0) ∈ C2.
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Relativistic point interactions

ψ ≡ ψ+ ⊕ ψ− ∈ H1(R+;C2)⊕ H1(R−;C2),

Dψ = Dψ+ ⊕Dψ− − icσ1(ψ(0+)− ψ(0−))δ(x).

We want DAψ ∈ L2(R;C2),

−icσ1(ψ(0+)− ψ(0−)) + cA
ψ(0+) + ψ(0−)

2
= 0,

(2iσ1 − A)ψ(0+) = (2iσ1 + A)ψ(0−). (1)

Definition (Relativistic point interactions)

Dom(DA) = {ψ ≡ ψ− ⊕ ψ+ ∈ H1(R−;C2)⊕ H1(R+;C2) | (1) holds},

DAψ = Dψ− ⊕Dψ+.
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Relativistic point interactions

[Seba 89]
A = I or σ3.

[Benvegnu, Dabrowski 94]

Dminψ = Dψ,

DomDmin = {ψ ∈ H1(R;C2) | ψ(0) = 0}.

DA self–adjoint extensions where A = A∗.
What about non–hermitian A?
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Relativistic point interactions

DA is densely defined closed operator.

DA = DB if and only if A = B.
DA decouples for A = ±2iσ1 or none of the matrices (2i ± σ1A) is
invertible.

(DA)∗ = D(A∗).

DA self–adjoint if and only if A = A∗.
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Non–local approximations

Approximations

D + cVε ⊗ A → D + cAδ(x).

v ∈ L1(R) ∩ L2(R),
∫
R
v(x)dx = 1.

Vε =
1

ε
v
(x
ε

)
[Seba 89],[Hughes 97,99],[Tusek 20].

Vε =
1

ε2
|v(x/ε)⟩⟨v(x/ε)| [Seba 89].

Lukáš Heriban (CTU FNSPE) Prague, September 2022



Non–local approximations

Approximations

D + cVε ⊗ A → D + cAδ(x).

v ∈ L1(R) ∩ L2(R),
∫
R
v(x)dx = 1.

Vε =
1

ε
v
(x
ε

)
[Seba 89],[Hughes 97,99],[Tusek 20].

Vε =
1

ε2
|v(x/ε)⟩⟨v(x/ε)| [Seba 89].
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Lukáš Heriban (CTU FNSPE) Prague, September 2022



Non–local approximations

Approximations

D + cVε ⊗ A → D + cAδ(x).

v ∈ L1(R) ∩ L2(R),
∫
R
v(x)dx = 1.

Vε =
1

ε
v
(x
ε

)
[Seba 89],[Hughes 97,99],[Tusek 20].

Vε =
1

ε2
|v(x/ε)⟩⟨v(x/ε)| [Seba 89].
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Non–local approximations

Free Dirac operator

(D0ψ)(x) = (Dψ)(x),∀x ∈ R,

DomD0 = H1(R)⊗ C2.

σ(D0) = {(−∞,−mc2] ∪ [mc2,+∞)} =: Rmc2 .

The resolvent

Rz(x , y) =
i

2c
(Z(z) + sgn(x − y)σ1)e

ik(z)|x−y |.

Z(z) =
(
ζ(z) 0
0 ζ(z)−1

)
,

ζ(z) =
z +mc2

ck(z)
, ck(z) =

√
z2 − (mc2)2, Imk(z) ≥ 0.
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Non–local approximations

The resolvent of DA

RA
z (x , y) = Rz(x , y)− cRz(x , 0)(I +

i

2
AZ(z))−1ARz(0, y).

Consider the non–local potential Vε =
1
ε2
|v(x/ε)⟩⟨v(x/ε)|.

RA
z,ε(x , y) = Rz(x , y)− c

∫
R2

Rz(x , εs)v(s)M
ε(s, t)v(t)Rz(εt, y)ds dt.

Theorem

Let A and z ∈ C \ Rmc2 such that

(I +
i

2
AZ(z))

is invertible. Then

(D0 + cVεA− z)−1 u−−−→
ε→0

(DA − z)−1.
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Spectrum

Spectrum

Theorem

σ(DA) \ Rmc2 = σp(D
A).

z ∈ C \ Rmc2 is in the spectrum of DA if and only if

det(I +
i

2
AZ(z)) = 0.

The eigenvalue z has geometric multiplicity equal to
dim(Ker(2I + iAZ(z))) and the corresponding eigenfunction is

ψ(x) =

(
Ceik(z)|x |

C̃ζ(z)−1sgn(x)eik(z)|x |

)
, x ∈ R \ {0},

(−i(C + C̃ ),−iζ(z)(C − C̃ )) ∈ Ker(2I + iAZ(z)).
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Spectrum

Spectral transitions

Theorem

We have
σ(DA) = σp(D

A) ∪ Rmc2

and no points from σp(D
A) are in Rmc2 .

We have critical cases

m = 0 ∧ trA = 0 ∧ detA = 4 ⇒ σp(D
A) = C \ R.

m = 0 ∧ trA ̸= 0 ∧ 4− detA = ∓2i trA ⇒ σp(D
A) = C±.

m ̸= 0 ∧ detA = 4 ∧ α = δ = 0 ⇒ σp(D
A) = C \ Rmc2 .

In all other cases we have at most two eigenvalues of DA.
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Lukáš Heriban (CTU FNSPE) Prague, September 2022



Spectrum

Spectral transitions

Theorem

We have
σ(DA) = σp(D

A) ∪ Rmc2

and no points from σp(D
A) are in Rmc2 .

We have critical cases

m = 0 ∧ trA = 0 ∧ detA = 4 ⇒ σp(D
A) = C \ R.

m = 0 ∧ trA ̸= 0 ∧ 4− detA = ∓2i trA ⇒ σp(D
A) = C±.

m ̸= 0 ∧ detA = 4 ∧ α = δ = 0 ⇒ σp(D
A) = C \ Rmc2 .

In all other cases we have at most two eigenvalues of DA.
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Lukáš Heriban (CTU FNSPE) Prague, September 2022



Spectrum

Spectral transitions

Theorem

We have
σ(DA) = σp(D

A) ∪ Rmc2

and no points from σp(D
A) are in Rmc2 .

We have critical cases

m = 0 ∧ trA = 0 ∧ detA = 4 ⇒ σp(D
A) = C \ R.

m = 0 ∧ trA ̸= 0 ∧ 4− detA = ∓2i trA ⇒ σp(D
A) = C±.

m ̸= 0 ∧ detA = 4 ∧ α = δ = 0 ⇒ σp(D
A) = C \ Rmc2 .

In all other cases we have at most two eigenvalues of DA.
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Non–relativistic limit

Schrödinger operator

H0 = − 1

2m

d2

dx2
,

DomH0 = W 2,2(R).

µ(z) =
√
2mz , Imµ(z) ≥ 0.

σ(H0) = [0,+∞).

The resolvent

Kz(x , y) =
im

µ(z)
eiµ(z)|x−y |.
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Non–relativistic limit

[Grod, Kuzhel 14]

HA = − 1

2m

d2

dx2
+

α

2m
|δ(x)⟩⟨δ(x)|+ iβ

2m
|δ(x)⟩⟨δ′(x)|−

− iγ

2m
|δ′(x)⟩⟨δ(x)|+ δ

2m
|δ′(x)⟩⟨δ′(x)|.

HA will be define as

HAφ(x) = − 1

2m

d2

dx2
φ(x), ∀x ∈ R \ {0},

DomHA = {φ ∈ W 2,2(R \ {0}) | Γ1φ = VAV∗Γ0φ},

where

Γ0φ =
1

2

(
φ(0+) + φ(0−)

−φ′(0+)− φ′(0−)

)
, Γ1φ =

(
φ′(0+)− φ′(0−)
φ(0+)− φ(0−)

)
,

and

V =

(
i 0
0 1

)
.
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Non–relativistic limit

Non–relativistic limit of point interactions

[Benvegnu, Dabrowski 94] Subtract the rest energy mc2 and

A 7→ Ac =

(
1

2mcα β
γ 2mcδ

)
.

Theorem

z ∈ C \ [0,+∞) such that

4− detA+ 2i
1

µ(z)
α+ 2iµ(z)δ ̸= 0.

Then
(DAc −mc2 − z)−1 u−−−−→

c→+∞
(HA − z)−1P+.

P+ =

(
1 0
0 0

)
.
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Non–relativistic limit

Non–relativistic limit of non–local potentials

Theorem

1 + Ẽε

µ(z) (α+ δµ(z)2) + Ẽ 2
ε detA ̸= 0, Ẽε =

i
2

∫
R2 vε(x)e

iµ(z)|x−y |vε(y)dx dy .

(D0 + cVεAc −mc2 − z)−1 u−−−−→
c→+∞

(H0 +W A
ε − z)−1P+,

where

W A
ε =

1

2m(1− δ∥vε∥2L2)
⟨Wε|Â⟩2 +

1

2m

βγ

1− δ∥vε∥2L2
|vε⟩⟨vε|,

where

Â =

(
α(1− δ∥vε∥2L2) iβ

−iγ δ

)
and

Wε =

(
|vε⟩⟨vε| |vε⟩⟨(vε)′|

|(vε)′⟩⟨vε| |(vε)′⟩⟨(vε)′|

)
.
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Non–relativistic limit

(H0 +W A
ε − z)−1 u−−−→

ε→0
(HA − z)−1.

Then

(D0 + cVεAc −mc2) (DAc −mc2)

(H0 +W A
ε ) HA

ε→0
u

uc→+∞ c→+∞u

u

ε→0
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Non–relativistic limit
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Non–relativistic limit

z ∈ σp(D
A
ε ) iff det(I + EεAZ(z)),Eε =

i

2

∫
R2

v(x)eik(z)ε|x−y |v(y) dy dx .

z ∈ σp(D
A) iff det(I +

i

2
AZ(z)).

Asymptotic behaviour of eigenvalues of approximations nearby the
eigenvalues of the limiting operator

det(I + EεAZ(z))
ε→0−−−→ det(I +

i

2
AZ(z)).

det(I + EεAZ(z)) = det(I +
i

2
AZ(z)) + O(ε).
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Non–relativistic limit

D0 = −ic(σ1∂x + σ2∂y ) +mσ3,

DomD0 := H1(R2;C2).

The smooth boundary Σ := ∂Ω. R2 = Ω+ ∪ Σ ∪ Ω−. Distribution δΣ.

D0 + (αI + βσ3 + γ(σ · t⃗) + δ(σ · n⃗))δΣ.

Closed densely defined symmetric operator A on H. {G, Γ0, Γ1} boundary
triplet for A∗ if and only if

∀f , g ∈ DomA∗

⟨A∗f |g⟩H − ⟨f |A∗g⟩H = ⟨Γ1f |Γ0g⟩G − ⟨Γ0f |Γ1g⟩G .

The map f ∈ DomA∗ 7→ (Γ0f , Γ1f ) ∈ G × G is surjective.
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