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Scattering in 1D W(x,t) = e “hy(x)
e Time-Indep. Schrédinger Eq.: —¢ ()" + v(z)y(z) = K%y (x)

e v.R — Cis apossibly k-dependent short-range potential.
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Scattering in 1D W(x,t) = e “hy(x)
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e Scattering from the left and right:
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Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a, o
U1

v(z) =0 for x<a

v(z) = vi(x) + va(x). ot

Mq: Transfer matrix of vy

M>: Transfer matrix of wvp V2|

M: Transfer matrix of v = v1 + vo 0
v]




Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,

[v1]
v(z) =0 for x<a

v(z) = vi(x) + va(x). ot

M: Transfer matrix of vy

Mo>: Transfer matrix of vo

M: Transfer matrix of v = v1 + vo 0

Then M = M- Ml.




Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

r plays the role of “time’.

[Ann. Phys. (NY), 341, 77 (2014)]



Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

r plays the role of “time’.

z@TU(az, CEO) — H(CE)U(CC CEO))
U(xo, z0) = 1.

[Ann. Phys. (NY), 341, 77 (2014)]



Theorem: M = U(+oo, —0c0) where U(xz, xzg) iS
the evolution operator for

?)(Jj) 1 e—szx
H(x) — S [_62ikaz 1 ’
l.e.,
M =9 exp/ —iH(x)dx

=1 — Z/ d£B1H(CB1)

+ (—i)? /OO dx> /az2 deiH(2z2)H(z1) + - -

[Ann. Phys. (NY), 341, 77 (2014)]



Scattering in 2D




Scattering in 2D

eiko-r i ezkrf(@)
> -4/ as
w(r) o | A r — 00

ko := Incident wave vector

r:= (z,y)

(r,0) := polar coordinates

f(6): Scattering amplitude /13:




Suppose that v(xz,y) = 0 for = ¢ [a—, ay]



Suppose that v(xz,y) = 0 for = ¢ [a—, ay]

it :
| | (
kq : k : b
Left-incident wave l‘{{ : /d S———
a—, 13+ £z
( | :
| . b
kr
k := — : scattered wave vector
T
| ,y A I
: : b
| |
kK (
Right-incident wave : o 0o
- a_] ay oz
| !
: : )




In regions where v(x,y) = 0,

(=VZ4+oy=kv — (V°+k)yY=0



In regions where v(x,y) = 0,
(-V°4+u)p=kY — (V°4+Ek)Y=0
Plane-wave solutions:

TV P Ty \with p e (—k, k)

Evanescent-wave solutions:

etVP R Tory \with p ¢ (—k, k)



In regions where v(x,y) = 0,
(-V°4+u)p=kY — (V°4+Ek)Y=0
Plane-wave solutions:

TV P Ty \with p e (—k, k)

Evanescent-wave solutions:

etVP R Tory \with p ¢ (—k, k)

et @) Tty \with p e R,

| VEk?—p® for |p| <k,
@ (p) '_{ i\/pQ—kQ for |p| > k.



Bounded solutions: ¥ = tos + ey

( & o - —1w(p)x
—k 4_(17% [A_(p)e@W)r + B_(p)e~ =]

Yos(z,y) = <

ipy | |
fkk; 4d7fz€w(p) Ay (p)e=® 4 By (p)e=@®)7]

/

dp € Py w(p)|x
f|p|>]<; 4752w(p) C- (p)el ()| for =z S a—,

weV(w7 y) — <

dp e'PY _
\ flple: () C+(P)e =@l for x> ay,

for x<a_,

for =z >aq,



Bounded solutions: ¥ = tos + ey

2

Yos(z,y) = <

a

/

weV(a% y) — <

L

Ar(p) =

* B A ()W 4 B_(p)e 0] for @ <a.,
e (AL ()T 4 By (p)e= W] for o> ay,
dp e'PY ()|
f|p|>k; 4752w(p) C- (p)el 24 for z < a—,
dp e'PY C’_|_(p)€ @@z for o > ay,

p|>k 47T2w(p)

Bi(p) =0 for [p| >k, Ci(p)=0 for |p|<k.



Bounded solutions: ¢ = os + ey

( k Y ) —1w(p)x
b A (p)e=®T 4 B_(p)e=i=®))

Yos(z,y) = <

ipy : '
| e IAL ()T 4 By (p)ei=®7]

(

flp|>k: 47]:2w(p) C_(p)el=®)! for z<a-,

1,bev(33, y) — <

dp e'PY _
| Jipisk 3wy O (Pe =Wl for z > ay,

for x<a_,

for =z > ay,

Ai(p) = Bi(p) =0 for |p| >k, Ci(p)=0 for |p|< k.

Z .= Set of complex-valued functions of p,
T ={peF | ¢(p) =0 for p ¢ (—k,k)}

Ay, By € %



Bounded solutions: ¢ = os + ey

( () ' '
b %:A—@)em(p)x + B_(p)e~=W)] for z<a-,

Yos(z,y) = <

k "y 1wo(p)x —1w(p)x
| Y RS AL ()P 4 By (p)e =@ for x> ay,

(

flp|>k: 47]:2w(p) C_(p)el=®)! for z<a-,

1,bev(33, y) — <

dp e'PY _
| Jipisk 3wy O (Pe =Wl for z > ay,

Ay,Br e F:={¢peF | ¢(p) =0 for p ¢ (—k,k)}

d . .
Y(x,y) —)/ pe” Ai(p)em(p)x—l—Bi(p)e_m(p)x] for r — 0
A7 w(p)



Bounded solutions: ¢ = os + ey

( () ' .
b A [A_(p)e=®T + B_(p)e =P for z<a.,

Yos(z,y) = <

k "y 1o (p)x —iw(p)x
| Y RS AL ()P 4 By (p)e =@ for x> ay,

(

flp|>k: 4f2w(p) C_(p)el*@l for z<a_,

,"beV(w) y) — <

dp ezpy —
| Jipisk 3wy O (Pe =Wl for z > ay,

Ay,Br e F:={¢peF | ¢(p) =0 for p ¢ (—k,k)}

d . .
Y(x,y) —)/ pe” Ai(p)em(p)x—l—Bi(p)e_m(p)x] for r — 0
A7 w(p)

—_——~—

Fundamental transfer matrix: M : .77 — 77,

XA A_ L A+
M| = 5t




dp Py
4727 (p)

b () %/Z

Ax(p)e DT Be(p)e =D for @ — oo

For left-incident waves: ko = (w(po),po),

Po S (_ka k)

yA

Q. T



k .
dp PV . |
P(x,y) — /k47f22?;(p) [Ai(p)em(p)x-l-Bi(p)e_m(p)x] for r — +

For left-incident waves: ko= (w(po),p0), po € (—k, k)
A_(p) = 27w (po) 6(p — po)
— 276(0 — 6p).
By(p) = 0.

NG



d . .
Y(x,y) —>/ pe” Ai(p)em(p)x—l-Bi(p)e_m(p)x] for x — +o0
47r2w(p)

For left-incident waves: ko= (w(po),p0), po € (—k, k)

. [ Ay(ksin@) —276(0 — 60) for 6 € (-3,2
f(0) = X 4
ver | B_(ksin ) for ¢ (Z,3D),
) :
| | (
N
: o
a—, o __:1:-).
: : !

[PRA 93, 042707 (2016) & 104, 032222 (2021)]



d . .
Y(x,y) —>/ pe Ai(p)em(p)x-l—Bi(p)e_m(p)x] for * - +00
47r2w(p)

For left-incident waves: ko= (w(po),p0), po € (—k, k)

. [ Ay(ksin@) —276(0 — 60) for 6 € (-3,2
f(0) = X 3
ver | B_(ksin ) for ¢ (Z,3D),
_ — y1
Moo B = =27 M210p,, b

Ay = 2701 8y, + M1oB-

dpo(p) := 6(p — po)

N
n)

|

|

I

P

[PRA 93, 042707 (2016) & 104, 032222 (2021)]



Ax(p)e DT Be(p)e =D for @ — oo

& dp e?Y
CRR =

For right-incident waves: ko = (—@(po),po), po € (—k, k)

(

A4 (ksin®) for 0€ (—5,5

f(0) =

X 4
v2m B_(ksin®) —2n5(0 — o) for 6 (3,3

\

]\722 B_ = 2md,,, i ¥l

A_|_ — ]/\ZlgB_ {

a_l




F(p) for pe (—k,k)

Projection onto %#72: (T, F) (p) _{
0O for pé&(—k,k)



F(p) for pe (—k, k)

Projection onto % 5\2 (HAF)(P) —{ 0 for ¢ (—k,k)
P — v,

—_—

Theorem: M = II, Mt II,, where M := a(—oo, 00),

U(z,20) = T exp {—z/ daz’ﬂ(az’)},

[PRA 104, 03222 (2021)]



F(p) for pe (—k, k)

Projection onto .Z2: (IL,F)(p) —{ 0 for p¢ (—k,k)
P — v,

—_—

Theorem: M = II, Mt II,, where M := I:l(—oo, 00),

a(x,xo) = 7 exp {—z/ dm’ﬂ(:p’)},
Yy 1 —i;IU ~\ ~—1 i;;ra
H(x) = 5¢€ Tru(x,y) w TIC e,

@ENW == o). =g O |

[ VEZ—p% for |p| <k,
@ (p) '_{ i\/pQ—kQ for |p| > k

@GN =0 s k=] Y Y|

[PRA 104, 03222 (2021)]



F(p) for pe (—k, k)

Projection onto % 5\2 (HAF)(P) —{ 0 for ¢ (—k,k)
P — v,

—_—

Theorem: M = II, Mt II,, where M := a(—oo, 00),

U(z,20) = T exp {—z/ daz’ﬂ(az’)},

~ 1 A o ~
H(QZ‘) = Ee—zw:r0'3 ’U(CIZ‘, y) w_llC €wao-3,

(0@ D) =5 [ daiap-a)f(@)
v(x,p) = /oo dy e "Po(z,y).

— 00



M = ﬁkﬂ exp {—z/ d:c?A-L(x)} ﬁk

— 00
oo

:T— ’I,/ dCClﬁ/ﬁ/j'\t(CCl)f[k

—00

= / dazg/ de I H (22)H (2L, + - -

F(p) for pe (=k, k)

(IT.F)(p) := { 0 for p¢& (—k,k)

- 1 o L o~
H(l) r— o lWTO0s ’U(iIT, y) w_llC ezwl,ag,

2
1 1
K'_[—l —1]

[PRA 104, 03222 (2021)]



Hybrid Rep:
For each xz € R, |¢(z)) : R — C is the function:

(Yl () =9z, y)
(=07 + 52 + v(z, P[P (@) = k|4 (x))

(lyled) = y(yle),  (vlple) ‘= —idy(y|¢)

etPy

k
M, = /_kdp|p>(p|, (ylp) = NoT

(p|lp)y for pe (—k, k)

Wi ={ T o e



k
ap 2=/ dp |p)(p
—k

~ [ (p|¢) for pe (—k,k
(p|Mkle) = { 0 for pé¢ (—k,k

k d e py
—k 42w (p)
Yos(z,y) = 1
k dpe py
—k 4m2w(p)

Y = Yos + Yev
iE=s[A-(p)e™P 4 B_(p)em=W)*] for z<a-,

[A4(p)e=®* + By (p)e~ W] for x> ay,

dpe?
D>k 37Ty C_(p)el=®lz for z<a_,

Yev(z,y) =

p|>k 47T2w(p)

Ar(p) =

Co(p)e =@z for x> ay,

Bi(p) =0 for |p| >k, Cyi(p) =0 for |p|<Ek.

Ml AL) = |As),

Mi|Bx) = |Bx),  M|Cy) = 0.



k
My, :=/ dp |p)(p|, (p| k| &) ={ PIg) Tor pE (_k’g

—k

Y = Yos + Yev

k dpe "7 epy [A (p>ezw(p)x _I_ B_ (p)e zw(p)x] for =« S a—,

—k 42w (p)

Yos(z,y) = 4

k Py 1ww(p)x 1w(p)x
. k4d7]:2§;(p)[14 (p>e (p) +B+(p)€ (p)] for :E>a+,

(

dp eV ()
f|P|>/€ 4752w(p) C- (p>e| (@)l for =z S a—,

Yev(x,y) =
f|p|>/€ % Cy(ple” =Wlle for & > a4,
Ax(p) = BL(p) =0 for |[p| =k, Ci(p) =0 for |p|< k.

MilAx) = [Ax),  Mi|Bx) =|Bx), Mi|Cs) =0.

[Yos(x)) 1= Myly(z)) Yev(2)) i= [P(2)) — |[Yos(x))



Hk —/ dp|p Y = Yos + Yev
|¢os(33) = HA|¢(33)> |¢ev($)> = |¢(5E)> - |¢OS(33>>

Propagating-wave approximation (PWA): ¥ = 1os

PWA neglects the contribution of the evanescent
waves to the scattering amplitude.

[c[arXiv: 2204.05153]



HA —/ dp|p Y = Yos + Yev
|¢os(33) = Hl\|¢(33)> |¢ev($)> = |¢(5E)> - |¢OS(33>>

Propagating-wave approximation (PWA): ¢ = 1os
PWA neglects the contribution of the evanescent
waves to the scattering amplitude.

(07 + 0% 4+ vz, D]v(2)) = K[y (2))
—> 82 + p ‘|‘ VA(CC) [os(x)) + Wk(iU)Wev(x» — kzmos(ﬂ?»

‘7}1(:5> = ﬁkzv(l’,l{/\)ﬁka Wk(ﬂj) L= ﬁkv(xv/?/\)(/]? — I—IA)

[arXiv: 2204.05153]



L —/ dp|p Y = Yos + Yev
|¢os(517) = Hl\|¢(33)> |¢ev($)> = |¢(33)> - |¢OS(33>>

Propagating-wave approximation (PWA): ¢ = 1os
PWA neglects the contribution of the evanescent
waves to the scattering amplitude.

02+ 52 + (o, PI(2)) = K@)
= [<02 45+ (@) [os(2)) + Wi(@)peu (2)) = k2[1pos (),

‘//\}1(58> = I/_\Iktv(x7g)ﬁk) Wk(ﬂj) L= I/_\IA’U(x,@\)(/]? — I_IA)

PWA: [-0]+7°+ Vi(@)]|¢(2)) = K|(x)) 1.e, v—

(V) (z, ) := (yVi(2) ¥ ()
[arXiv: 2204.05153]



[_ag +p% + Vk(x)} Yos(2)) + Wi(x)|tpev () = k2|thos ()

Vi(2) = M(x, )Mk, Wi(z) 1= Moz, 9)(T = M,).

PWA : —V2(z,y) + (79)(z,y) = k*9(x,y)
(Y1) (z, ) = (y|Vi(2)|v(x))

[arXiv: 2204.05153]



[_ag +p% + m>] Yos(2)) + Wi(x)|tpev () = k2|thos ()

‘/;Yk(m) = ﬁkzv(x,@\)ﬁk;, /Wk(fC) L= ﬁ/ﬂ)(ﬁl?, :/y\)(/i — ﬁk:)'

PWA : —V2%y(z,y) + (%9) (z,y) = k*y(x,y)
(419) () 1= (Vi (@) |())

47T2/ dp/ dg e? o(x,p — )P (x,q)

5z, p) = / dy e o(z, y)

Y. iS an energy-dependent nonlocal potential.

[arXiv: 2204.05153]



[_ag +p% + mﬂ Yos(2)) + Wi(x)|tpev () = k2|thos ()

Vi(x) 1= Moz, )HMe, Wi(z) = Myo(z, ) (1 — M),

PWA : —V%)(z,y) + (Y)(z,y) = k> (z,y)
() (2, ) = (Vi () ()

For k — oo, My 1= ffk dp |p)(p| — 1
= Vi(z) = v(x,7) & Wi(z) — 0

= PWA is valid at high energies.

[arXiv: 2204.05153]



[_ag +p% + mﬂ Yos(2)) + Wi(x)|tpev () = k2|thos ()

Vi(x) 1= Moz, )HMe, Wi(z) = Myo(z, ) (1 — M),

Theorem: Every short-range potential v : R?2 — C
couples to evanescent waves, i.e., Wi.(x) # O.

Nevertheless, PWA can produce the exact expression
for the scattering amplitudes!

[arXiv: 2204.05153]



Transfer matrix for 7,.:

——

Recall: M : 72 — 77,

FeZ%? <« F(p)=0 for p¢ (—k,k)



Transfer matrix for 7.
Recall: M : 72 — 77,

M = ﬁkﬁ exp {—z/ dx?A-L(:L‘)} ﬁk

— 0O

H(z) = e T () w K e



Transfer matrix for 7,:

——

Recall: M : 72 — 77,

M = I1,.7 exp {—z/ dmﬂ(m)} II,,

— 0O

H(z) = e T () w K e

PWA: v — % < o)) — Vi(z) = Mw(z, )N,



Transfer matrix for 7,:

——

Recall: M : 72 — 77,

M = 1,7 exp {—z/ dm’f-[(m)} I

— 0O

%(SIJ) — % —1ToXTO3 ’U(CE, /y\) Z%_IK eiw;z:ag,

PWA: v— 7% < o9 — Vi(z) = Mol 9)M;

= I Vi(2), = Vi(z)



Transfer matrix for 7,:

——

Recall: M : 72 — 77,

M = 1,7 exp {—z/ dmﬂ(m)} I

— 0O

%(CIJ) — % —1ToXTO3 ’U([E‘, :/y\) Z%_l](: eiwaz0'3

PWA: v — % < o(x,7) — Vi(z) = Moz, 7))

= I Vi(2), = Vi(z)
M —s K/I\k = T1,.7 exp {—z/ da:?A-tk(:z;)} I

— OO

Hi(z) = Le ™V (2) & K ™7 = T H ()1,



Transfer matrix for 7.

——

Recall: M : 72 — 77,

M = 1,7 exp {—z/ dazﬂ(m)} I

— 0O

%(CIZ) — % —1ToXTO3 ’U(ZE,:/y\) Z%_l](: eiwaz0'3

PWA: v — 7. < ov(z,y) — Vi(2) = Mu(z, @\)I:Ik

= I Vi(2), = Vi(z)
M —s ﬁk = T1,.7 exp {—z/ dxﬂk(x)} I

—00
Hi(z) = L™ U (2) @ 1C 27 = T, H ()11,
_ % —zw:z:a3 ka (CL‘)Hk w—l,c ezw:rag,



Transfer matrix for 7.

——

Recall: M : 72 — 77,

M = 1,7 exp {—z/ dazﬂ(m)} I

— 0O

%(CIZ) — % —1ToXTO3 ’U(ZE,:/y\) Z%_l](: eiwaz0'3

PWA: v — 7. < ov(z,y) — Vi(2) = Mu(z, @\)I:Ik

= I Vi(2), = Vi(z)

M —s ﬁk = T1,.7 exp {—z/ dxﬂk(x)} I

— 00



Transfer matrix for 7.

——

Recall: M : 72 — 77,

M = 1,7 exp {—z/ dazﬂ(m)} I

— 0O

%(CIZ) — % —1ToXTO3 ’U([E, :/y\) Z%_l](: eiwaz0'3

PWA: v— 7% < o9 — Vi(z) = Mol 9)M;

= I Vi(2), = Vi(z)

M —s ﬁk = T1,.7 exp {—z/ dxﬂk(x)} I

— 00



M = 1,7 exp {—z/ d:zcﬂ(:z:)} II,

— 00

:T— ‘L/ dmlﬁkﬂ(ﬁnl)ﬁk

— 00

— / dz> / do1 T H (22) H(z1)IT, + - -

—0o0 — 00

H(z) =L e ™7 y(z,7) & U =7

I, H ()T, = Hi(xr)

[arXiv: 2204.05153]



M = 1,7 exp {—z/ d:zcﬂ(:z:)} II,

— 00

:T— ‘L/ dmlﬁkﬂ(xl)ﬁk

— 00

_/ dazz/ dr1 T H () H ()T + - - -

—00 —00

H(z) = Le ™ 0(z,§) &K 7

L H (2T, = Hi(z1)
If ﬂ(mg)ﬂ(ml) ~ 0 for all z1,75 € R, M ~ ﬁk.

= PWA is valid for weak potentials.

[arXiv: 2204.05153]



M = ﬁkf exp {—z/ d:L’?Tt(:B)} ﬁk,

— 00

:T— ‘L/ dm]_ﬁkﬂ(xl)ﬁk

— 00

— / dz> / do1 T H (22) H(z1)IT, + - -

—00 —00

H(z) = Le ™ 0(z,§) &K 7

I H (21)IT, = Hy(21)
If ﬂ(xg)’;t(azl) ~ 0 for all z1,75 € R, M ~ /1\/\Ik.

= PWA is valid for weak potentials.

For v(z,y) = 6(2)g(y), H(za)H(z1) =0 & M = M,

= PWA is exact. _
[arXiv: 2204.05153]



A class of potentials for which PWA iIs exact:

Theorem: Let v :R?2 — C be a potential such that
v(x,p) =0 for p<O0O, or v(x,p)=0 for p>0.
Then PWA is exact for w.

[arXiv: 2204.05153]



A class of potentials for which PWA iIs exact:

Theorem: Let v :R? — C be a potential such that
v(x,p) =0 for p<O0O, or v(x,p)=0 for p>0.
Then PWA is exact for w.

Example: Let g : R — C be a function such that

rg(rx) -0 for =z — +oo,

and 9(z)

v(w’y):(a—iy)“‘l’ aceRT ¢teZT.

Then v(xz,p) = 0 for p <0, and PWA is exact for v.

[arXiv: 2204.05153]



EXistence of the transfer matrix

M = a(oo, —00) = xili)ngool/:{($+,:c_)

Uz, z0) :=T—7;/ da;lﬁkﬂ(;cl)ﬁk_/ da:g/ Az T H (22)H (21T + - - -

To

e—zw:c0'3 ’U(ZE, /y\) @—1’(: ezwxag

”;t(m) =

1
2



EXistence of the transfer matrix

M = a(m,—m) = a(x+,x_)

lim
ri—+o0o

U(x, x0) :=T—i/ dwlﬁkﬂ(:cl)ﬁk—/ d:@/ daA T H () H ()T + - - -

To

AN

?A-t(m) = % e Ty (x, Y) o LIC 720

Qxn: What is an appropriate function space in which ﬂ(:c)
acts as a densely-defined operator?
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EXistence of the transfer matrix

M = a(m,—oo) = a(x+,x_)

lim
ri—+o0o

U(x, x0) :=T—7L/ d:clﬁﬂ?t(:cl)ﬁk—/ da:z/ daA T H () H ()T + - - -

)
?A-t(:zz) = % e Ty (x, Y) o LIC 720

Qxn: What is an appropriate function space in which ?A-L(:c)
acts as a densely-defined operator?

Qxn: Does ?A-L(:c) generate a dynamics, i.e., does the Dyson
series for its evolution operator U (x, o) converge over a dense
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EXistence of the transfer matrix

M = U(co, —c0) 1= U(zy,z)

lim
ri—+o0o

U (z, z0) :=T—7L/ dxlﬁkﬂ(:cl)ﬁk—/ d@/ dar T H (22) H (1) T + - -

)
?Q(:U) = % e Ty (x, Y) o LIC 720

QxNn: What is an appropriate function space in which ’ft(az)
acts as a densely-defined operator?

Qxn: Does 7?{(5,;) generate a dynamics, i.e., does the Dyson
series for its evolution operator U (x, o) converge over a dense
domain?

Qxn: Does Iimxiéiooljl(aur,:c_) exist?

We could answer these questions for ’f-t;;(x) and prove
the existence of M,.
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Definition: Let v : R?2 — C be a bounded integrable function
and s,k € RT. We say that v € ., if

1) 3o, 5,0 € RT such that ¢ > s and for all (z,y) € R?,

5
+ [z])°
2) The function v, : R — L*®°(—2k, 2k) defined by

IS piecewise continuous.

lv(z, y)| < a for |z| > a.

[arXiv: 2207.10054]



Theorem: Let v € 3. Then the following hold.

1) For all = € R, ’ﬁtk(a;) defines an unbounded
non-self-adjoint linear operator acting in

H = L% (—k, k)% = { [ P+ ]

Qb_ Qbﬂ: c LQ(_kak) }
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Theorem: Let v € 3. Then the following hold.

1) For all = € R, ’ﬁtk(a;) defines an unbounded
non-self-adjoint linear operator acting in

H = L% (—k, k)% = { [ ?;_‘ ]

bu € L2(—k, k) }

and having the domain:

_ O+
@_{(b_

where % = {\/kQ—ﬁQ ¢ | ¢ € L*(—k, k) }7

(\VE* =D ¢)(p) :=\/k*—p° ¢(p) for pe (—k,k)

Ec%”) ¢++¢_E%},
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Theorem: Let v € 3. Then the following hold.

1) For all = € R, ’ﬁtk(a;) defines an unbounded
non-self-adjoint linear operator acting in

H = L% (—k, k)% = { [ ?;_‘ ]

bu € L2(—k, k) }

and having the domain:

_ O+
@_{(b_

where % = {\/kQ—ﬁQ ¢ | ¢ € L*(—k, k) }7

(\VE* =D ¢)(p) :=\/k*—p° ¢(p) for pe (—k,k)

2) The Dyson series for Zjlk(a;,xo) converges strongly on Z.

Ec%”) ¢++¢_E%},

3) |imxi—>:l:ooa(l'-|_,£13_) exist as strong limits on Z.

[arXiv: 2207.10054]



Conclusions

- Propagating-wave approximation (PWA)

- Scattering by nonlocal potential achieving PWA

- Existence of the transfer matrix for these potentials

- Numerical implementations: L?(—k,k) & Hilbert-Schmidt
(compact) operators.
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Thank you for your attention.



