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Relativistic point interactions

General relativistic point interactions

D= —icaldi + mc®a3, D* == D + cAl5(x))(5(x)|,
X

(0 1 (10 22
01—(1 O>,03—<0 _1>,A€C ,m>0,c>0.

Workspace L2(R; C?),

¢ € CG§°(R), ¢ € L*(R; C?) s.t. limy_10t(x) =: (0£),

$(0+) +4(0-)

5 ©(0) € C2.

(O0)P)o(x)e =
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Relativistic point interactions
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Relativistic point interactions

b=y @ € H(Ry; C?) @ HY(R_; C?),
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Relativistic point interactions

Y= @y € HY(R,; C?) @ HY(R_; C?),

Dyp = Dypy © DY — icor((0+) — 1(0—))d(x).
We want D4y € L%(R; C?),
Y(0+) +(0-)

—ico1(¥(04+) — ¥(0-)) + cA 5 =0,

(2ic1 — A)Y(0+) = (2io1 + A)p(0—). (1)
Definition (Relativistic point interactions)

Dom(D*) = {¢ =v¢_ @ ¢y € HY(R_;C?) @ HY(R,;C?)| (1) holds},

DA = Dy_ & Dip.

= = = — SaNe;
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Relativistic point interactions
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A =1 or os.
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Relativistic point interactions

[Seba 89]
A =1 or os.

[Benvegnu, Dabrowski 94]
Dmintp = D,

Dom Dpin = {0 € HY(R; C?) | 4(0) = 0}.

D* self-adjoint extensions where A = A*.
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Relativistic point interactions

[Seba 89]
A =1 or os.

[Benvegnu, Dabrowski 94]
Dmintp = D,
Dom Dpin = {0 € HY(R; C?) | 4(0) = 0}.

D* self-adjoint extensions where A = A*.
What about non—hermitian A7
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Relativistic point interactions

e D is densely defined closed operator.
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Relativistic point interactions

e D is densely defined closed operator.

o D = DB if and only if A = B.

o D* decouples for A = £2ic; or none of the matrices (2i & o14) is
invertible.

o (D*)* = DY),

o D* self-adjoint if and only if A = A*.
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D+ cV. ® A — D+ cAd(x).
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Approximations

D+ cV. ® A — D+ cAd(x).

1 2 _
v e LY(R) N L2(R), /}Rv(x)dx—l.
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Non-local approximations

Approximations

D+ cV. ® A — D+ cAd(x).
v e LY(R) N L2(R), / v(x) dx = 1.
R

V. = gv (g) [Seba 89],[Hughes 97,99],[Tusek 20].
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Non-local approximations

Approximations

D+ cV.®A — D+ cAd(x).
v e LY(R) N 2(R), / v(x) dx = 1.
R
X
V. = gv <g> [Seba 89],[Hughes 97,99],[Tusek 20].

V. = gizyv(x/g)xv(x/s)\ [Seba 89].

Luka$ Heriban (CTU FNSPE) Prague, September 2022



Non-local approximations

Free Dirac operator

(Do) (x) = (Dy)(x),Vx € R,
Dom Dy = H*(R) ® C2.
o(Dg) = {(—00, —mc?| U [mc?, +00)} =: Rpea.

Luka$ Heriban (CTU FNSPE) Prague, September 2022
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Free Dirac operator

(Do) (x) = (Dy)(x),Vx € R,
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Non-local approximations

The resolvent of DA

RE(x,y) = Relx,) — R, 0)(1 + SAZ(2)) AR.(0,).
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Non-local approximations

The resolvent of DA
RA:(x,y) = Ru(x,y) — cRy(x,0)(I + éAZ(z))_lARZ(O, y).

Consider the non—local potential V. = E%]v(x/s)ﬂv(x/a)\.
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Non-local approximations

The resolvent of DA
RA:(x,y) = Ru(x,y) — cRy(x,0)(I + éAZ(z))_lARZ(O, y).

Consider the non—local potential V. = E%]v(x/s)ﬂv(x/a)\.

Rﬁa(x,y) = R;(x,y) — c/ R (x,es)v(s)M(s, t)v(t)R.(ct,y)dsdt.
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Non-local approximations

The resolvent of D*
RA:(x,y) = Ru(x,y) — cRy(x,0)(I + éAZ(z))_lARZ(O, y).
Consider the non—local potential V. = €%|v(x/e)><v(x/€)\.

Rﬁs(x,y) = R;(x,y) — c/ R (x,es)v(s)M(s, t)v(t)R,(ct, y) dsdt.
RQ

Theorem
Let A and z € C\ R,,,.2 such that

(/+ éAZ(z))

is invertible. Then

(Do + VLA —z)7t LO> (D* — 2)71.
E—

—— - T~

———————
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Spectrum

Theorem
o(D*) \ Rz = a,p(D?).

z € C\ R, is in the spectrum of D® if and only if

det(/ + éAZ(z)) = 0.
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Spectrum

Theorem

o(D*) \ Rz = a,p(D?).
z € C\ R, is in the spectrum of D® if and only if

det(/ + éAZ(z)) = 0.

The eigenvalue z has geometric multiplicity equal to
dim(Ker(2/ + iAZ(z)))
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Spectrum

Theorem

o(D*) \ Rz = a,p(D?).
z € C\ R, is in the spectrum of D® if and only if

det(/ + éAZ(z)) = 0.

The eigenvalue z has geometric multiplicity equal to
dim(Ker(2/ + iAZ(z))) and the corresponding eigenfunction is

Ce'k(2)Ix]
<€<(z)-1sgn<x)em<z>|x) X €R\ {0},

(—i(C + C),—i¢(2)(C — C)) € Ker(2] + iAZ(z)).

P(x) =
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Spectral transitions

Theorem
We have

O'(DA) = O'p(DA) UR,,2

and no points from o,(D*) are in R .
We have critical cases
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Theorem
We have
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and no points from o,(D*) are in R .
We have critical cases

e m=0AtrA=0AdetA =4= 0,(D*)=C\R.
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Spectral transitions

Theorem
We have
o(D*) = 0,(D*) UR 2

and no points from o,(D*) are in R .
We have critical cases

e m=0AtrA=0AdetA =4= 0,(D*)=C\R.
o m=0AtrA#0A4—detA=F2itrA = o,(D*)=Cy.
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Spectral transitions

Theorem
We have
o(D*) = 0,(D*) UR 2

and no points from o,(D*) are in R .
We have critical cases

e m=0AtrA=0AdetA =4= 0,(D*)=C\R.
o m=0AtrA#0A4—detA=F2itrA = o,(D*)=Cy.
e m#O0AdetA=4Aa=5=0= 0,(D*) =C\Re.

In all other cases we have at most two eigenvalues of D*.
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Non-relativistic limit

Schrodinger operator

1 d?
2m dx?’

Dom Hy = W?2(R).

Ho =

w(z) = v2mz, Imu(z) > 0.

o(Ho) = [0, +00).
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Non-relativistic limit

Schrodinger operator

1 d?
2m dx?’

Dom Hy = W?2(R).

Ho =

w(z) = v2mz, Imu(z) > 0.

o(Ho) = [0, +00).

The resolvent .
m o2 Ix—y|

K.(x,y) =
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Non-relativistic limit

[Grod, Kuzhel 14]

1 d2 «

HA = = & @
2m dx2  2m

8GN (O] + %|5(X)><5’(X)I—

LI CNEN + 5 |5 G ().

2m
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Non-relativistic limit

[Grod, Kuzhel 14]

1 d2 «

HA = = & @
2m dx2  2m

8GN (O] + %|5(X)><5’(X)I—

LI CNEN + 5 |5 G ().

2m

HA will be define as

1 d?
2m dx2¢

Dom H* = {¢ € W22(R\ {0}) | T1¢ = VAV*T e},

Hp(x) = (x), vx € R\ {0},

where

_ 1/ p(0+) + ¢(0-) _ (¢'(04+) = ¢'(0-)
foe = <—¢’(0+) - eo’(O—)> e = ( p(0+) — (0-) ) ’

2
i 0
V_<0 1>'
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Non-relativistic limit

Non-—relativistic limit of point interactions

[Benvegnu, Dabrowski 94] Subtract the rest energy mc? and

1
_ (e B
A— A < iy 2mc5> .
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Non-relativistic limit of point interactions

[Benvegnu, Dabrowski 94] Subtract the rest energy mc? and

1
_ (e B
A— A < iy 2mc6> .

Theorem
z e C\ [0,+00) such that

1
4 —det A+ 2i a+ 2ip(z)d # 0.
v

(2)
Then
(D% —mc? —z)7! —— (H* — 2)7tP,.

c—+00
10
Pi=(5 o)

™ = =
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Non-relativistic limit

Non-relativistic limit of non—local potentials

Theorem

1+ (o +6u(2)?) + EEQ detA #£0, E. = é Jze ve (x)e2Ix=yly_(y) dx dy.

EE
w(z)

(Do + cVAc — mc? — z)f1 — (Ho + WEA - 2)71P+v

c—+00
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Non-relativistic limit

Non-relativistic limit of non—local potentials

Theorem

1+ lﬁ;)(a +0u(z)?) + E2det A #£ 0, E. = L [, vo(x)e*EYly_(y) dxdy.
(Do + cVehe —mc® — z) 78 —2— (Ho + WA — 2)7t P,
c—+00

where

1 A 1 By
WA = W Ay + — ——L—|v. )y,
© = o = o) Y e T e e

— 2 1
A:<o¢(1 6,HVEHL2) ’?) and

where
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Non-relativistic limit
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Non-relativistic limit

(Ho+ WA — 2)71 25 (HA - 2)7L.

e—0
Then
(Do + cVihe — me?) —2% (DAe — mc?)
c—+oo|u u|c—+oo
A u A
(Ho + WA) L H
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Non-relativistic limit
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Non-relativistic limit

z € o,(D2) iff det(] + E.AZ(z)), E. = - / v(x)e @y (y) dy dx.
R2

z € op(D*) iff det(/ + éAZ(z)).

Asymptotic behaviour of eigenvalues of approximations nearby the
eigenvalues of the limiting operator

det(/ + E-AZ(z)) =% det(/ + éAZ(z)).

det(l + E.AZ(z)) = det(] + éAZ(z)) + 0e).
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Non-relativistic limit

Do = —ic(010x + 020) + mos3,
Dom Dy := HY(R?; C?).
The smooth boundary ¥ := 9Q. R? = Q. U ¥ U Q_. Distribution d5.

Do + (al + foz +~(0 - t) + (o - )05

Closed densely defined symmetric operator A on H. {G,lo,1} boundary
triplet for A* if and only if

o Vf,g € Dom A*

(Aflg)n — (fIA"g)n = (M1f[Tog)g — (TofT18)g.

@ The map f € Dom A* — ([of,[1f) € G x G s surjective.
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